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Active Learning via Transductive Experimental Design   ICML  2006

Experimental design

Classic experiment design considers learning a linear function 𝑓 𝑥 = 𝑤𝑇𝑥 𝑤 ∈ ℝ𝑑, from 

measurements 𝑦𝑖 = 𝑤𝑇𝑥𝑖 + 𝜖𝑖 , 𝑖 = 1, … ,𝑚, 𝜖𝑖~𝑁(0, 𝜎
2) is measurement noise. 𝑥1, . . , 𝑥𝑚 are are 

experiments chosen from 𝑛 candidates 𝑣1, … , 𝑣𝑛 ∈ ℝ𝑑, 𝑛 > 𝑚.

The goal of experimental design is to find a set of experiments 𝑥𝑖 that together are 

maximally informative.

𝑋: [𝑥1, … , 𝑥𝑚]
𝑇∈ ℝ𝑚×𝑑, 𝑠𝑒𝑡 𝑥𝑖 𝑋 = 𝑚 V: [𝑣1, … , 𝑣𝑛]

𝑇∈ ℝ𝑛×𝑑, 𝑠𝑒𝑡 𝑣𝑖 𝑉 = 𝑛

The maximum-likelihood estimate of 𝑤:



Estimation error 𝑒 = 𝑤 − ෝ𝑤 𝑚𝑒𝑎𝑛: 0 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥: 𝜎2𝐶𝑤, 𝐶𝑤 is the inverted 

Hessian of 𝐽 𝑤 , 𝜎 is a constant

The matrix 𝐶𝑤 characterizes the confidence of the estimation, or the informativeness of the selected 

data.

Let 𝑚𝑗 denote the number of times for which 𝑣𝑗 is chosen in X, 𝑚1 +⋯𝑚𝑛 = 𝑚



Transductive Experimental Design

The optimization criteria based on 𝐶𝑤 does not directly characterize the quality of predictions on

test data

Standard experimental design only considers linear functions and is thus restrictive in applications.

Very importantly, classic experimental design has to solve a SDP problem, which is often very slow

when dealing with hundreds of data points

A general setting may consider a different set T of test data points besides candidates in V. Assume  the 

two sets are the same.



𝐟 = 𝑓 𝑣1, … , 𝑓 𝑣𝑛 be the function values on all the available data V,

the predictive error 𝐟 − መ𝐟 has the covariance matrix 𝜎2𝐶f

(𝐴 + 𝑈𝐶𝑉)−1= 𝐴−1 − 𝐴−1𝑈(𝐶−1 + 𝑉𝐴−1𝑈) −1𝑉𝐴−1

Woodbury matrix identity

The average predictive variance on V is given by  
𝜎2

𝑛
Tr(𝐶f)

Transductive experimental design



Transductive experimental design is equivalent to

Kernel Transductive Experimental Design



Given previously selected data 𝑋1, a sequential transductive design seeks m new data 

𝑋2 ⊂ 𝑉 in the following way.

kernel matrix ෩𝐾 is obtained by deflating the original kernel matrix 𝐾 by 𝑋1:

procedure:

After approximating 𝑉 by 𝑋1, the approximation residuals ෨𝑉 form a new kernel matrix ෩𝐾 = ෨𝑉 ෨𝑉𝑇,

and a set of m vectors from ෨𝑉 are selected to further approximate ෨𝑉.

kernel version



Algorithm 1: Sequential Design

Alternating Optimization

Let 𝑄 = [𝑞1… , 𝑞𝑛]
𝑇 and 𝜋1 ≥ ⋯ ≥ 𝜋𝑛 be the eigenvectors and eigenvalues of 𝐾 = 𝑉𝑉𝑇. Then transductive 

experimental design is equivalent to

If  𝛽𝑗 = 1, 𝑣𝑗 is included in 𝑋. Then 



Algorithm 2: Alternating Design

⨂ denotes the component-wise multiplication between two matrices



Non-greedy Active Learning for Text Categorization using Convex 

Transductive Experimental Design
SIGIR  2008

TED has a geometric interpretation that it tends to find representative data 𝑋𝐴 spanning a linear 

subspace to retain most of the information of the whole set of test data 𝑋𝑃

Therefore, given a sufficiently 𝑋𝑃 large set , TED actually explores the information about 

the distribution of unlabeled data.



The optimization is done by alternatively optimizing 𝛽𝑗 or 𝜶𝑗 while fixing the other.

A Convex Formulation





Beyond the Point Cloud:  from Transductive to Semi-supervised Learning

ICML  2005

𝑥𝑖 , 𝑦𝑖 𝑥𝑖 ∈ ℝ2 𝑦𝑖 ∈ {−1,+1}

The solution can be expressed as



Can we define a kernel ෩𝒌 that is adapted to the geometry of the data distribution?

Such a kernel ෨𝑘 must have the property:

It is a valid Mercer kernel ෨𝑘: 𝑋 × 𝑋 → ℝ and therefore denes a new RKHS ෩𝐻.

It implements our intuitions about the geometry of the data

this solution must produce an intuitive decision surface that separates the two circles





Manifold Regularization: A Geometric Framework for Learning from

Labeled and Unlabeled Examples
JMLR  2006

If two points 𝑥1, 𝑥2 ∈ 𝑋 are close in the intrinsic geometry of 𝑃𝑋 , then the conditional distributions 

𝑃(𝑦|𝑥1) and 𝑃(𝑦|𝑥2) are similar.

the conditional probability distribution 𝑃(𝑦|𝑥) varies smoothly along the geodesics in the intrinsic 

geometry of 𝑃𝑋.

For a Mercer kernel 𝐾:𝑋 × 𝑋 → 𝑅, there is an associated RKHS ℋ𝐾 of functions 𝑋 → ℝ with

the corresponding norm | ∗ |𝐾. Given a set of labeled examples 𝑥𝑖 , 𝑦𝑖 , 𝑖 = 1, … , 𝑙

𝑓∗ = arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾||𝑓||𝐾
2

𝑓∗(𝑥) =෍

𝑖=1

𝑙

𝛼𝑖𝐾(𝑥𝑖 , 𝑥)



Marginal 𝑷𝑿 is Known

Our goal is to incorporate additional information about the geometric structure of the marginal 𝑃𝑋

𝑓∗ = arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾𝐴||𝑓||𝐾
2 + 𝛾𝐼||𝑓||𝐼

2

If the probability distribution is supported on a low-dimensional manifold, ||𝑓||𝐼
2 may penalize 𝑓 along

that manifold. 𝛾𝐴 controls the complexity of the function in the ambient space while 𝛾𝐼 controls

the complexity of the function in the intrinsic geometry of 𝑃𝑋.

Theorem 1

Assume that the penalty term ||𝑓||𝐼 respect to the RKHS norm ||𝑓||𝐾

𝑓∗ 𝑥 =෍

𝑖=1

𝑙

𝛼𝑖𝐾(𝑥𝑖 , 𝑥) + න𝛼 𝑧 𝐾 𝑥, 𝑧 𝑑𝑃𝑥(𝑧)



Marginal 𝑷𝑿 Unknown

we must attempt to get empirical estimates of 𝑃𝑋 and || ∗ ||𝐼.

when the support of 𝑃𝑋 is a compact submanifold ℳ ⊂ ℝ𝑛. ||𝑓||𝐼 ≡ න 𝛻ℳ𝑓
2
𝑑𝑃𝑋(𝑥)

𝛻ℳ is the gradient of 𝑓 along the manifold ℳ and the integral is taken over the marginal distribution.

𝑓∗ = arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾𝐴||𝑓||𝐾
2 + 𝛾𝐼න 𝛻ℳ𝑓

2
𝑑𝑃𝑋(𝑥)

׬ 𝛻ℳ𝑓
2
𝑑𝑃𝑋(𝑥) may be approximated on the basis of labeled and unlabeled data using the graph 

Laplacian associated to the data



{(𝑥𝑖 , 𝑦𝑖)} 𝑖=1
𝑙 {(𝑥𝑗)} 𝑗=𝑙+1

𝑗=𝑙+𝑢

𝑓∗ = arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾𝐴||𝑓||𝐾
2 +

𝛾𝐼
(𝑢 + 𝑙)2

෍

𝑖,𝑗=1

𝑙+𝑢

(𝑓 𝑥𝑖 − 𝑓 𝑥𝑗 )2𝑊𝑖𝑗

= arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾𝐴||𝑓||𝐾
2 +

𝛾𝐼
(𝑢 + 𝑙)2

𝐟𝑇𝐿𝐟

𝐟 = [𝑓(𝑥1), … , 𝑓(𝑥𝑙+𝑢)]
𝑇

𝐿 = 𝐷 −W 𝐷𝑖𝑖 =෍
𝑗=1

𝑙+𝑢

𝑊𝑖𝑗

Under certain conditions choosing exponential weights for the adjacency graph leads to 

convergence of the graph Laplacian to the Laplace-Beltrami operator ∆ℳ (or its weighted version) 

on the manifold
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𝑤∗ = arg min
𝑤

𝐽 𝑤 =෍
𝑖=1

𝑙

𝑤𝑇𝑧𝑖 − 𝑦𝑖
2 + 𝛾1 𝑤

2
+ 𝛾2 𝑤

𝐼

2

we employ a data-dependent deformed kernel function to incorporate the manifold structure of abundant 

unlabeled samples, We use 𝐻𝐾 and ෩𝐻෩𝐾 to denote the original RKHS and the new kernel space.

෨𝑘 𝑥𝑖 , 𝑥𝑗 = 𝑘 𝑥𝑖 , 𝑥𝑗 − 𝛾𝑘𝑥𝑖
𝑇 (𝐼 + 𝑀𝐿)−1𝑀𝑘𝑥𝑗

kernel Gram matrix 𝐾 = [𝑘(𝑥𝑖 , 𝑥𝑗)] 𝑛×𝑛 𝑘𝑥𝑖 = [𝑘 𝑥𝑖 , 𝑥1 , … , 𝑘 𝑥𝑖 , 𝑥𝑛 ] 𝑇

Adopt the graph Laplacian to capture the intrinsic manifold of unlabeled samples.

𝑊𝑖𝑗 = ൝
1, 𝑖𝑓 𝑥𝑖 ∈ 𝑥𝑗 𝑜𝑟 𝑥𝑗 ∈ 𝑥𝑖
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

MRED for Active Learning



ෝ𝑤∗ = arg min
ෝ𝑤∈෩𝐻෩𝐾

𝐽 ෝ𝑤 =෍

𝑖=1

𝑙

(ෝ𝑤𝑇 ෨𝜙 𝑧𝑖 − 𝑦𝑖)
2 + 𝛾1||ෝ𝑤||

2

෨𝜙 𝑧𝑖 indicates the data sample 𝑧𝑖 in the high dimensional kernel space ෩𝐻𝐾, which shows the intrinsic 

manifold structure of a large number of the unlabeled samples in the database.

we notice that ෝ𝑤∗ is defined as a linear combination of ෨𝜙 𝑧𝑖 , 𝑖 = 1,… , 𝑙 : 

ෝ𝑤 =෍
𝑖=1

𝑙

𝑣𝑖 ෨𝜙 𝑧𝑖 = ෨𝜙 𝑍 𝑣, 𝑣 = [𝑣1, … , 𝑣𝑙]
𝑇∈ 𝑅𝑙

ෝ𝑤∗ = arg min
ෝ𝑤∈෩𝐻෩𝐾

𝐽 𝑣 = ෩𝐾𝑧𝑣 − 𝑦
2
+ 𝛾1𝑣

𝑇 ෩𝐾𝑧𝑣 , 𝑦 = [𝑦1, … , 𝑦𝑙]
𝑇 ෩𝐾𝑧 ∈ 𝑅𝑙×𝑙

෨𝜙 𝑍 = [ ෨𝜙 𝑧1 , … , ෨𝜙 𝑧𝑙 ]

𝜕𝐽(𝑣)

𝜕𝑣
= 0 𝑣∗ = (෩𝐾𝑧 + 𝛾1𝐼)

−1𝑦 𝑓 𝑥 =෍
𝑖=1

𝑙
෨𝑘(𝑥, 𝑧𝑖)𝑣

∗



MRED Solution

Find the informative samples by minimizing the expected prediction variance on the test 

data.

min
𝛼𝑖∈𝑅

𝑙
෍

𝑖=1

𝑙
෨𝜙 𝑥𝑖 − ෨𝜙 𝑍 𝛼𝑖

2
+ 𝛾1 𝛼𝑖

2

෨𝜙 𝑍 = [ ෨𝜙 𝑧1 , … , ෨𝜙 𝑧𝑙 ]

min
𝛼𝑖,𝛽∈𝑅

𝑙
෍

𝑖=1

𝑙

෨𝜙 𝑥𝑖 − ෨𝜙 𝑋 𝛼𝑖
2
+෍

𝑗=1

𝑛 𝛼𝑖,𝑗
2

𝛽𝑗
+ 𝜆 𝛽 1

𝑠. 𝑡. 𝛽𝑗 ≥ 0, 𝑗 = 1,… , 𝑛

𝛼𝑖 = (𝛼𝑖,1, … , 𝛼𝑖,𝑛)
𝑇

分

割

线







Semi-Supervised Learning with Graphs

Xiaojin Zhu

PHD  2005



Chapter 2  Label Propagation

Problem Setup

labeled data: 𝑥1, 𝑦1 …(𝑥𝑙 , 𝑦𝑙) , 𝑦 ∈ {1…𝐶} unlabeled data: 𝑥1, 𝑦1 …(𝑥𝑙+𝑢, 𝑦𝑙+𝑢) 𝑛 = 𝑙 + 𝑢

Assume the number of classes 𝐶 is known, and all classes are present in the labeled data. In 

most of the thesis we study the transductive problem of finding the labels for 𝑈.

Assume the graph is fully connected with the following weights

𝑤𝑖𝑗 = exp −
𝑥𝑖 − 𝑥𝑗

2

𝛼2



The Algorithm

Propagate the labels through the edges. Larger edge weights allow labels to travel through more easily.

𝑃𝑖𝑗 = 𝑃 𝑖 → 𝑗 =
𝑤𝑖𝑗

σ𝑘=1
𝑛 𝑤𝑖𝑘

probabilistic transition matrix

Also define a l × 𝐶 label matrix 𝑌𝐿, whose 𝑖𝑡ℎ row is an indicator vector for 𝑦𝑖 , 𝑖 ∈ 𝐿: 𝑌𝑖𝑐 = 𝛿(𝑦𝑖 , 𝑐).We will 

compute soft labels f for the nodes. 𝑓 is a 𝑛 × 𝐶 matrix, the rows can be interpreted as the probability 

distributions over labels.

1. Propagate 𝑓 ← 𝑃𝑓

2. Clamp the labeled data 𝑓𝐿 = 𝑌𝐿

3. Repeat from step 1 until 𝑓 converges.



Convergence

Since 𝑃 is row normalized, and 𝑃𝑈𝑈 is a sub-matrix of 𝑃, it follows





Chapter 4   Gaussian Random Fields and Harmonic Functions

Formalize label propagation with a probabilistic framework, assume binary classification 𝑦 ∈ {0,1}. 𝑊 has 

to be symmetric with non-negative entries, but otherwise need not to be positive semidefinite. Intuitively 

𝑊 specifies the ‘local similarity’ between points. The task is to assign labels to unlabeled nodes

Gaussian Random Fields

The strategy is to define a continuous random field on the graph.  Intuitively, we want unlabeled points that 

are similar (as determined by edge weights) to have similar labels.

Assign a probability distribution to functions 𝑓 by a Gaussian random field



Because of the quadratic energy, 𝑝 𝑓 𝑝(𝑓𝑈|𝑌𝐿) are both multivariate Gaussian distributions

This is why 𝑝 is called a Gaussian random field. The marginals 𝑝(𝑓𝑖|𝑌𝐿) are univariate Gaussian too, and 

have closed form solutions

The Graph Laplacian

The Gaussian random field can be written as



∆ plays the role of the precision (inverse covariance) matrix in a multivariate Gaussian 

distribution. It is always positive semi-definite if 𝑊 is symmetric and non-negative

Harmonic Functions

harmonic

𝛻2𝑓 = 0, ∆𝑓 = 0
𝜕2𝑓

𝜕𝑥1
2 +⋯+

𝜕2𝑓

𝜕𝑥1
2 = 0

Use ℎ to represent this harmonic function. The harmonic property means that the value of ℎ(𝑖) at each 

unlabeled data point 𝑖 is the average of its neighbors in the graph



Chapter 5 Active Learning(略)



Active learning with semi-supervised learning for open-set recognition 

Probability Models for Open Set Recognition PAMI 2014 

𝑃+ 𝑦 𝑥 = 1 − 𝑃−(𝒴\y|𝑥) reverse Weibull Weibull

𝑃𝜂 𝑦 𝑓 𝑥 = 1 − 𝑒
−(
−𝑓 𝑥 −𝑣𝜂

𝜆𝜂
)𝜅𝜂

𝑃𝜓 𝑦 𝑓 𝑥 = 1 − 𝑒
−(
−𝑓 𝑥 −𝑣𝜓

𝜆𝜓
)
𝜅𝜓



𝑦∗ = arg max
𝑦∈𝒴

𝑃𝜂,𝑦(𝑥) × 𝑃𝜓,𝑦(𝑥) × 𝑙𝑦 subject to 𝑃𝜂,𝑦∗(𝑥) × 𝑃𝜓,𝑦∗(𝑥) ≥ 𝛿𝑅

𝑙𝑦 = ቊ
1 if 𝑃𝑂 𝑦 𝑥 > 𝛿𝜏
0 otherwise

Sparse Representation-Based Open  Set Recognition PAMI 2017

𝑟𝑘 = ||𝑦𝑡 − 𝑌𝑘 ො𝑥𝑘||2, 𝑘 = 1,… , 𝐾𝑦𝑡 = 𝑌𝑥 𝑥 ∈ 𝑅𝑁

ℋ0: 𝐺 𝑟𝑘 ≤ 𝛿𝑔
ℋ1: 𝐺 𝑟𝑘 > 𝛿𝑔

Use the GPD to model the tail of the matched distribution



𝑓∗ = arg min
𝑓∈ℋ𝐾

1

𝑙
෍

𝑖=1

𝑙

𝑉 𝑥𝑖 , 𝑦𝑖 , 𝑓 + 𝛾𝐴||𝑓||𝐾
2 +

𝛾𝐼
(𝑢 + 𝑙)2

෍

𝑖,𝑗=1

𝑙+𝑢

(𝑓 𝑥𝑖 − 𝑓 𝑥𝑗 )2𝑊𝑖𝑗

Semi-supervised learning 

make use of unlabeled data

Active learning 

update model

reduce the labor of the user

EVT

decision

Label Propagation

Manifold Regularization


