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Active Learning via Transductive Experimental Design ICML 2006

Experimental design

Classic experiment design considers learning a linear function f(x) = w’x w € R%, from
measurements y; = wlx; + ¢;,i = 1, ...,m,€;~N(0,05?) is measurement noise. x,,.., x,, are are
experiments chosen from n candidates vy, ..., v, € R%,n > m.

The goal of experimental design is to find a set of experiments x; that together are
maximally informative.

X:[xq, o, X ]T€ R™*4 set{x;} |X| =m V:[vy,..,v,]T€ R set{v;} V| =n

The maximum-likelihood estimate of w:

w = argmin | J(w) = Z (WTX@ — y.-,:)2

W



Estimation errore = w — w mean:0 covariance matrix: ¢*C,, C,, is the inverted
Hessian of J(w), o is a constant

m —1

—1
Cw = ZX%’X@T — (XTX)
i=1

The matrix C,, characterizes the confidence of the estimation, or the informativeness of the selected
data.

Let m; denote the number of times for which v; is chosen in X, m; + ---m, =m

T
. 1
min TI{( E mjvjva) }
i=1

M e My,

subject to m; >0, my+---+m, =m,m; € Z
J y )

T = mj/m

T1seee93Tm

min Tr{(ZTjVjVjT)_l} subject to T > 0, 1'r=1
j=1




Transductive Experimental Design

* The optimization criteria based on C,, does not directly characterize the quality of predictions on
test data

* Standard experimental design only considers linear functions and is thus restrictive in applications.

* Very importantly, classic experimental design has to solve a SDP problem, which is often very slow
when dealing with hundreds of data points

A general setting may consider a different set T of test data points besides candidates in V. Assume the
two sets are the same.

w
=1

min {J(w) — Z (WTX@ B ;%1)2 + M|W|2}

0.J(w)

-1 T —1
wiwT) = (X Xl

|



f = |[f(vy,..,f(v)] be the function values on all the available data V,

the predictive error f — f has the covariance matrix o2C;

Cs=VC, V' = V(X'X+ 1) 'V’

1
= VV' - VvX' (XX +pI) XV
)

2
The average predictive variance on V is given by %Tr(cf)

Transductive experimental design

max Tr|VX'(XX' 4+ p0) XV’

X
subject to X C V,|X|=m

Woodbury matrix identity

(A+Ucv)1=4"1

—A"tu(ct+vaTto) “tvat

Tr(Cs) = Tr(Cyw V' V)
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Transductive experimental design is equivalent to

' i —X'a? ill?
iy > Ive - Xail +pla
subject to X C V,|X]| =m,

A=lay,....a,] €R™™

Kernel Transductive Experimental Design
k(x.v) = (6(x).0(v)), x.v € R?

max T [Kyx(Koox + 1)~ K| max  Tr {VXT(XXT R Al
subject to X C V., |X|=m subject to X C V,|X|=m

(K)%j] — k(viavj)a (Kvx)ij — ]f(Vi,Xj) (Kxx)ij — k(Xz‘;Xj)



Given previously selected data X,, a sequential transductive design seeks m new data
X, € V in the following way.

Wax Tr [ Kox(Kxx + H‘I)_lev} max Tr {Rvm (K, x, + ,uI)_lI}lxgv}
subject to X = X; UX5, X5 C V., [ X5 =m subject to  Xo C V., |Xa| = m

kernel matrix K is obtained by deflating the original kernel matrix K by X;:

K =K — Kvxl (pr-:i T H‘D_IKX1V

procedure:

After approximating V by X;, the approximation residuals ¥ form a new kernel matrix K = V7T,
and a set of m vectors from V are selected to further approximate V.

kernel version
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Algorithm 1: Sequential Design

e Sclect x € V with the highest ||Ky|?/(k(x,x) + .
- 1 k(x.x) ar Update K «— K —
,u.-). and add x .111‘[0 X. where Kx. and k(x,x) are e Update K — K — 47570
X's corresponding column and diagonal entry in
current K

Alternating Optimization

LetQ = [qy ...,q,] T and m; > --- > m,, be the eigenvectors and eigenvalues of K = VVT. Then transductive
experimental design is equivalent to

. n ) 5 subject to X C V,|X| =m,
min Z VTid; — Koxc;||® + pmleq |
X—:C i—1 C — |:C]_. ‘e ox oy Cn] -

subject to B = diag(3), Card(83) = m,

T
min m.q, — KBa;||? + um, || Ba;||? _

If B; =1, vjisincluded inX. Then K,xc; = KBq;



1
%11&11 Z vTiq; — KBy |? + || Bey||? + 71811
=1

%@\\IW% ~?("
s AN

2
S ég Z
= S

TN

subject to B = diag(3),

18]l =225
>0, 3=1,---.n.

Algorithm 2: Alternating Design

e Fix B to the current solution (initially to the iden-

tity matrix I), convert K «+— KB, solve the follow-
ing problem for optimal ¢,

e Fix «y; to the solution obtained at the above step,

convert K; — K - diag(a;), solve the following
problem for optimal 3,
ming, .. |[vmiq; — Key||* + pm; | Bay |2 ming>o Y., |[vmiq; — KiB|]? + pmil| B @ a2
+7118I1

® denotes the component-wise multiplication between two matrices



Non-greedy Active Learning for Text Categorization using Convex
Transductive Experimental Design

SIGIR 2008
: 1 _ 0.J(w: X
min  —trace (X'pH 1X;) H== (“f 4) _ XaXy + pl
Acc,|Al=K M Owow T
M
. T 2 2
min E |1xi — X qai||” + pl|ail]

: K
Ao ; €R =1

subject to |A| =K, ACC, x;e€ Xp

TED has a geometric interpretation that it tends to find representative data X, spanning a linear
subspace to retain most of the information of the whole set of test data X,

Therefore, given a sufficiently X, large set, TED actually explores the information about
the distribution of unlabeled data.




M

min Y - XIBew | + puBev | + (1

o ; ERN

subject to  x; € Xp, B =diag(8), B = 0.

The optimization is done by alternatively optimizing g; or a; while fixing the other.

A Convex Formulation

M N o
: . T 2 Q5
, min ;Hxa—Xca-aH +jZl 5+l B =[B.....0N]
subject to x; € Xp, 3; 20, j=1,--- N, &, — [Gf’i:l: SR :ai,N]

M M

N
. T D) . ‘
min E x; — Xeagl||” + 2 E 0% E o

(o ¥} ER‘M



a; = (diag(8) ' + XX ) Xexi, i=1.....M

1 M
_ 2 _
t_gj e ,-,_ {tt,_} 3' ]_ ...... 1\'
=1

Algorithm 2 Convex TED
Require: candidates X, unlabeled data Xp, v > 0;

1: initialize (o ;);

2: repeat

3. B <—\/ ZM jforj=1,... N;

4: — (diag(8)~ —I—XCXC)_IXCX? fori=1,...,M;
5: until converge:

6: Xa — {x;]|x; € Xe, 3; # 0};

7: return X 4
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2 e ~ : 2
(oo yi) xi € R® y; € {=1,+1} f = argmin - Zl V(s wis yi) + 10l
i—=
l
The solution can be expressed as f(x) = Z aik(x,x;)
i=1

(a) gaussian kernel centered (b) gaussian kernel centered (C) classifier learnt
on labeled point 1 on labeled point 2

in the RKHS




Can we define a kernel k that is adapted to the geometry of the data distribution?

Such a kernel k must have the property:

It is a valid Mercer kernel k: X x X - R and therefore denes a new RKHS H.
It implements our intuitions about the geometry of the data
1 < 2 ~
g = arg min 5 Z Vi(h,xi,y;) + || 7] ?% g(x) = Z'i.:1 ak(x, ;)
=1

heH

this solution must produce an intuitive decision surface that separates the two circles
k(x,2) = k(x,2) —kL(T + MK) "' Mk.
M = LP

L]
|z; —x;l°

L =D—-W W, = e 27 Dy = >.. Wi,
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(a) deformed kernel centered (b) deformed kernel centered (c) classifier learnt
on labeled point 1 on labeled point 2 in the deformed RKHS




Manifold Regularization: A Geometric Framework for Learning from IJMLR 2006
Labeled and Unlabeled Examples

If two points x,,x, € X are close in the intrinsic geometry of Py , then the conditional distributions
P(y|x,) and P(y|x,) are similar.

the conditional probability distribution P(y|x) varies smoothly along the geodesics in the intrinsic
geometry of Py.

For a Mercer kernel K: X X X — R, there is an associated RKHS H; of functions X — R with
the corresponding norm ||*||x. Given a set of labeled examples (x;,y;),i =1, ..., 1

l l

1
f* = argminz » Vv 0 +IfIl fr) = ) @K (x,x)

EH .
JE€HK 1=1 i=1




Marginal Py is Known

Our goal is to incorporate additional information about the geometric structure of the marginal Py

1

l
fr=argmin= > V(x,y, )+ vallfllk + vilIfIF
FeHx li_1

If the probability distribution is supported on a low-dimensional manifold, ||f||? may penalize f along
that manifold. y, controls the complexity of the function in the ambient space while y; controls
the complexity of the function in the intrinsic geometry of Py.

Theorem 1

Assume that the penalty term ||f||; respect to the RKHS norm ||f]|x

l

fr(x) = z a;K(x;,x) + J a(z)K(x,z)dP,(2)

=1



Marginal Py Unknown

we must attempt to get empirical estimates of Py and || * ||;.

2
when the support of Py is a compact submanifold M c R*.  ||f]l; = j||\7m~f|| dPy(x)

Var 1S the gradient of f along the manifold M and the integral is taken over the marginal distribution.

l

N 2

fr=argming > Vi v f) + vallf 1l + 7 [ 17 f 1 a0
fEHK l —1

f|||7Mf| |2dPX(x) may be approximated on the basis of labeled and unlabeled data using the graph
Laplacian associated to the data



Under certain conditions choosing exponential weights for the adjacency graph leads to
convergence of the graph Laplacian to the Laplace-Beltrami operator A,, (or its weighted version)
on the manifold

(CB) (Ch) s

l+u
fr =argming wal,yl,fnmnfn,{ a _I_l)zuz:l(f(xl) £ ()W,
= arg min ; wal,yu P+ vallf 1 + oy T8

[+u
f= G fedlT L=D-w  Da=y W,



Manifold Regularized Experimental Design for Active Learning TIP 2017

l
MRED for Active Learning w* = arg min {](w) = Z
i

w

1(WTZi — i)+ )’1||W||2 + V2||W||f}

we employ a data-dependent deformed kernel function to incorporate the manifold structure of abundant
unlabeled samples, We use H, and Hz to denote the original RKHS and the new kernel space.

k(xp,x;) = k(x;, x;) —vkL (I + ML) *Mk,,

kernel Gram matrix K = [k(x;, X))] nxn Ky, = [k(xi, %), o k(X x)] T

Adopt the graph Laplacian to capture the intrinsic manifold of unlabeled samples.

Y 0, otherwise



l
@ = argmin{J@) = ) (@7H@) — y) + 2181
i=1

WEHI?

$(z;) indicates the data sample z; in the high dimensional kernel space Hy, which shows the intrinsic
manifold structure of a large number of the unlabeled samples in the database.

we notice that w* is defined as a linear combination of ¢(z;), i =1, ..., [:

l ~ ~ ~ ~
W= Z:l”i‘ﬁ(zi) =¢@v,  v=[v,.ul'€R" $2)=[dz), ... ()]
W =argmin{j0) = Ko —y|* +7,v'Kv}, v =Dunl” R eR™
WEHg
0] (v) _

l
P v = K, +y:0) "y flx) = zizlk(x, )"
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MRED Solution

Find the informative samples by minimizing the expected prediction variance on the test

data.
M
C omin S x = Xha|? + pl |
Orlnelgz 1||¢(xi)—¢(z)“i” + vl lI? S i=1
i 1= .
3 ) 3 subject to |A| =K, ACC, x; € Xp
¢(Z) = [¢(z1), ..., d(2))]
M ‘ N @2
z min ki = Xeai|+ ) BU
yoo; ERY 5 .
e Z(Hc/)(xl)— jooal’+) B )*Auﬁnl Tt =
ai,BER! i=1 J=1 Pj subject to x;, € Xp, 3; 20, j=1,--- N,

S.t.ﬂjZO, j=1,...,

a; = (“i,1» ---rai,n)T



Algorithm 2 Convex TED
Require: candidates X¢, unlabeled data Xp, v > 0;

1: initialize (o ;);

2: repeat

3: ﬁj<—\/$z:‘ila?j for j =1,...,N;

4 a; — (diag(B) ' + XX ) ' Xex,, fori=1,..., M:;

5. until converge;
6: XA — {Xj|Xj & Xc:ﬁj 7é 0},
7: return X 4

Algorithm 1 MRED for Active Learning

Input: The n unlabeled data samples X, the number of the selected most information data samples [, the number of the nearest neighbor
data samples k
Step 1: Construct a nearest neighbor Laplacian graph with the weight matrix W as calculated in Eq. (15) on the unlabeled samples X and
calculate
Step 2: Construct the kernel Gram matrix K with an selected input kKernel type and let M = L.
Step 3: Construct the data-dependent deformed kernel Gram matrix K according to Eq. (14).
Step 4: Let u; be the ¢th column vector of K and initialize a; ; = 1.
Step 4.1: Repeat
Step 4.2: Compute 3; according to Eq. (29), ie., 3; = /> . i /A
Step 4.3: Compute oy according to Eq. (27), i.e., a; = (Dlgl + f{’)_lf{}.
Step 4.4: Until Convergence
Step 5: Rank the samples in X by following 5;(7 = 1,...,n) in a descending order and then return the top [ samples as the selected most
informative ones Z.
Output The [ selected most informative samples can be labeled as the training samples.
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5 0.45F
3
a0 {
0 -»—MRED
0.3 ===TED
—=—SVMactive
0.25 -a—A0D
——Random Samplng
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Number of training samples

(a)

Accuracy

Mo &R
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Number of training samples
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Semi-Supervised Learning with Graphs PHD 2005

Xiaojin Zhu




Chapter 2 Label Propagation

Problem Setup

labeled data:{(x;,y;) ... (x;, v}, v € {1...C} unlabeled data: {(x1, 1) ... X4, Vi+w)} n=1+u

Assume the number of classes C is known, and all classes are present in the labeled data. In
most of the thesis we study the transductive problem of finding the labels for U.

Assume the graph is fully connected with the following weights

Ixi - xj||2>

Nl

Wij = exp (—



The Algorithm

Propagate the labels through the edges. Larger edge weights allow labels to travel through more easily.

W. .
probabilistic transition matrix Pj=P(i-j)=gr—

Also define a1l x C label matrix Y;, whose i;;, row is an indicator vector for y;,i € L:Y;, = 6(y;, c).We will
compute soft labels f for the nodes. f is a n X C matrix, the rows can be interpreted as the probability
distributions over labels.

1. Propagate f < Pf

2. Clamp the labeled data f; = Y;

3. Repeat from step 1 until f converges.



qwuﬁ

g,
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Convergence

(1L
7= ( fu ) r

[PLL Pru
Py, Pou

fu — Pyufu+ PuLYr

n

fo = nli_I&(PUU)"fBr + (Z(PUU)(i_l)) PyrYy

1=1
Since P is row normalized, and Py is a sub-matrix of P, it follows

u
H’Y < 1aZ(PUU)ij < ’y,\V/i =1...u
j=1



<k
l mw,/,-//,
7 1952 §

Do)y = D03 (Pon)" (P
J ik u
n—1 )
= Z(PUU)( )@'k Z(PUU)kj dy <1, Z(PUU)ij <~y Vi=1...u
k j j=1
n—1
= Z(PUU)( )@k7
k
S ,}/n

(a) The data (b) INN (c) Label Propagation




Chapter 4 Gaussian Random Fields and Harmonic Functions

Formalize label propagation with a probabilistic framework, assume binary classification y € {0,1}. W has
to be symmetric with non-negative entries, but otherwise need not to be positive semidefinite. Intuitively
W specifies the ‘local similarity’ between points. The task is to assign labels to unlabeled nodes

Gaussian Random Fields

The strategy is to define a continuous random field on the graph. Intuitively, we want unlabeled points that
are similar (as determined by edge weights) to have similar labels.

1 _ N : :
B(f)=5> wy (f) =) fli)=yni€l
0,
Assign a probability distribution to functions f by a Gaussian random field

1
_ e BE() - exp (-
p(f) = —e z [fL:YL p(=AE(f)) df



Because of the quadratic energy, p(f) p(fy|Y;) are both multivariate Gaussian distributions

1
_ —BE(f) = exp (—
p(f) = e z /fL:YL D (=BE(f)) df

This is why p is called a Gaussian random field. The marginals p(f;|Y;) are univariate Gaussian too, and
have closed form solutions

h h laci
The Graph Laplacian D, — Zj e A=D_W
B(f) = 5 3w (£60) ~ FG) = TAF
L.J

The Gaussian random field can be written as

N



A plays the role of the precision (inverse covariance) matrix in a multivariate Gaussian
distribution. It is always positive semi-definite if W is symmetric and non-negative

L _srTar
f— —e ~
p(f) >
Harmonic Functions

0°f 0°f

Vi =041 =0 dx? dx?

harmonic

Y71

f=argming, _y, E(f) EE——
Af =0

Use h to represent this harmonic function. The harmonic property means that the value of h(i) at each
unlabeled data point i is the average of its neighbors in the graph

1
o Zwijh.(j), fori e U

h(i) =

joi
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fu = — Pyy) 'PyLYr

Chapter 5 Active Learning ()



Active learning with semi-supervised learning for open-set recognition

Probability Models for Open Set Recognition PAMI 2014

.ussz,n(i > <<I>(:1.-)_.<I>(:1r.3-))J—i > <<I>(;1-).<I>(;z-i)>+b)

{-3.11——|—l} :ICI:'.I?.'.ITE'} {a-.y@— 1} k(:l‘-._.’l‘-i)

(4.0):yi=y;=—1} k(i’i-‘ ij) a 52: Z{ (4,0)yi=y;=+1} k(i“":‘-‘ ;Ij))

b=3(r X |

Weibull Pt(ylx) =1—-P (Y\y|x) reverse Weibull

_f(x)_vn

—f(X)—vy x
—( yeen —-(——)"Y
Pn(ylf(x)) =1-—e A

PyyIf()=1-e ™




y* =argmax B, (x) X Py, (x) X1, subject to

YEY

Pn,y*(x) X ijy*(x) = 6R

[ = 1 if Py(y|x) > 6;
Y 0 otherwise

Sparse Representation-Based Open Set Recognition PAMI 2017

y,=Yx  x€RN

Use the GPD to model the tail of the matched distribution

.7'[0: G(Tk) < 6g
:]'[1: G(rk) > 5.9

—

x~
> 0.02

o

0.04

0.03

0.01

[lMatched IlINon-Matched |
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Label Propagation fu = — Pyy) 'PyrYy,

e

make use of unlabeled data update model

reduce the labor of the user

decision

Semi-supervised learning + E

l+u

Manifold Regularization f* = arg min— l zV(xl,yl,f) +vallf 1% + @ + TENE z (f () — £ (x)2W;;

J€HK = [,j=1



