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Feature Map 𝑌𝑌

Dimensionality
Reduction

New Feature Map �𝑌𝑌 Input �𝑋𝑋

CNN Layer Reconstruction Save memory/computation resource

Framework



𝑋𝑋 ∈ ℝ𝐻𝐻×𝑊𝑊×𝑐𝑐 𝑌𝑌 ∈ ℝ𝐻𝐻′×𝑊𝑊′×𝑑𝑑

𝑑𝑑 is the number of convolution filters in this 
layer and 𝑑𝑑 is much larger than 𝑠𝑠 = 𝑠𝑠1 × 𝑠𝑠2.

𝐹𝐹 ∈ ℝ𝑠𝑠1×𝑠𝑠2×𝑐𝑐×𝑑𝑑

Motivation



𝑋𝑋 ∈ ℝ𝐻𝐻×𝑊𝑊×𝑐𝑐 𝑋𝑋 = vec 𝑋𝑋1 , … , vec(𝑋𝑋𝑐𝑐) ∈ ℝ𝐻𝐻𝐻𝐻×𝑐𝑐

𝑌𝑌 ∈ ℝ𝐻𝐻′×𝑊𝑊′×𝑑𝑑 𝑌𝑌 = vec 𝑌𝑌1 , … , vec(𝑌𝑌𝑑𝑑) ∈ ℝ𝐻𝐻′𝑊𝑊′×𝑑𝑑

Feature maps from different filters should be independent of each other as far as possible

𝜃𝜃 𝑌𝑌 = 𝑌𝑌𝑇𝑇𝑌𝑌 ∘ (1 − 𝐼𝐼) 𝐹𝐹
2

�𝑌𝑌 = 𝜙𝜙 𝑌𝑌 = 𝑌𝑌𝑃𝑃𝑇𝑇 𝑃𝑃 ∈ 𝑅𝑅𝑑𝑑×𝑑𝑑 is the projection matrix

Model
𝑌𝑌 = 𝑋𝑋𝑇𝑇𝐹𝐹



min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 , 𝑠𝑠. 𝑡𝑡. 𝐶𝐶 = diag(𝑐𝑐)

An optimal projection should thus not only remove redundancy between feature maps, but also 
preserve the discriminability of these features.

min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝜆𝜆 𝐷𝐷 �𝑌𝑌 − 𝐷𝐷(𝑌𝑌)

𝑠𝑠. 𝑡𝑡. �𝑌𝑌 = 𝑌𝑌𝑃𝑃𝑇𝑇 ,𝐶𝐶 = diag(𝑐𝑐)
𝐷𝐷𝑖𝑖𝑖𝑖 is the Euclidean distance between the 
𝑖𝑖-th column and the 𝑗𝑗-th column of Y

Distances between feature maps can be easily preserved if 𝑃𝑃 is orthogonal, i.e. 𝑃𝑃𝑃𝑃𝑇𝑇 = 𝐼𝐼

𝑦𝑦1𝑃𝑃𝑇𝑇 2 = 𝑦𝑦1 2 𝑦𝑦1𝑃𝑃𝑇𝑇 − 𝑦𝑦2𝑃𝑃𝑇𝑇 2
2 = 𝑦𝑦1 − 𝑦𝑦2 2

2



min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 𝑠𝑠. 𝑡𝑡.𝐶𝐶 = diag 𝑐𝑐 ,𝑃𝑃𝑃𝑃𝑇𝑇 = 𝐼𝐼

The orthogonal transformation 𝑃𝑃 learned is able to extract the intrinsic representation 
and preserve distances between feature maps, but the dimensionality has not been 
reduced since 𝑃𝑃 is a square matrix.

Propose to use a sparse matrix to approximate the representation generated by 𝑃𝑃. 

min
�𝑌𝑌

�𝑌𝑌 − 𝑌𝑌𝑃𝑃𝑇𝑇 𝐹𝐹
2 + 𝜆𝜆 �𝑌𝑌 2,1

�𝑌𝑌 2,1 = �
𝑖𝑖
�𝑌𝑌𝑖𝑖 �𝑌𝑌𝑖𝑖 is the 𝑖𝑖-th column in �𝑌𝑌

�𝑌𝑌𝑖𝑖 = �
𝑢𝑢𝑖𝑖 − 𝜆𝜆
𝑢𝑢𝑖𝑖

𝑢𝑢𝑖𝑖 𝑖𝑖𝑖𝑖 𝜆𝜆 < 𝑢𝑢𝑖𝑖

0 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝑢𝑢𝑖𝑖 = 𝑌𝑌𝑃𝑃𝑖𝑖𝑇𝑇 Robust Subspace Segmentation by Low-
Rank Representation(ICML2010)



min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛽𝛽 𝑐𝑐 1

𝑠𝑠. 𝑡𝑡.𝐶𝐶 = diag 𝑐𝑐 ,𝑃𝑃𝑃𝑃𝑇𝑇 = 𝐼𝐼
Some small valued columns in �𝑌𝑌 = 𝑌𝑌𝑃𝑃𝑇𝑇
will be discarded.

min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛼𝛼 𝑃𝑃𝑃𝑃𝑇𝑇 − 𝐼𝐼 𝐹𝐹

2 + 𝛽𝛽 𝑐𝑐 1

𝑠𝑠. 𝑡𝑡.𝑃𝑃 = circ 𝑝𝑝 ,𝐶𝐶 = diag 𝑐𝑐

An exploration of parameter redundancy in deep networks with circulant projections(CVPR2015)

𝑝𝑝 = (𝑝𝑝1, … , 𝑝𝑝𝑑𝑑)𝑇𝑇

…, circulant matrices have complex internal structures and 
strong diversity thus can be utilized for approximating huge 
matrices



min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛼𝛼 𝑃𝑃𝑃𝑃𝑇𝑇 − 𝐼𝐼 𝐹𝐹

2 + 𝛽𝛽 𝑐𝑐 1

𝑠𝑠. 𝑡𝑡.𝑃𝑃 = circ 𝑝𝑝 ,𝐶𝐶 = diag 𝑐𝑐

Solve 𝑐𝑐 for a fixed projection 𝑃𝑃

min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛽𝛽 𝑐𝑐 1

𝑠𝑠. 𝑡𝑡.𝐶𝐶 = diag 𝑐𝑐
𝑐̃𝑐 = diag(𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇)

min
𝑐𝑐

𝑐̃𝑐 − 𝑐𝑐 2
2 + 𝛽𝛽 𝑐𝑐 1 机器学习11.4𝑐𝑐 = sign(𝑐̃𝑐) ∘ max{|𝑐̃𝑐| − 𝛽𝛽/2,0}

Solve 𝑃𝑃 for a fixed projection 𝑐𝑐



�𝑥𝑥 = ℱ 𝑥𝑥 = 𝐹𝐹𝐹𝐹

循环矩阵



循环矩阵



min
𝑃𝑃

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛼𝛼 𝑃𝑃𝑃𝑃𝑇𝑇 − 𝐼𝐼 𝐹𝐹

2

𝑠𝑠. 𝑡𝑡.𝑃𝑃 = circ 𝑝𝑝

Since 𝑃𝑃 and its relevant terms can be efficient calculated in the frequency domain, transfer 
the into the Fourier domain for having a higher training speed.

min
𝑃𝑃
𝐿𝐿 𝑃𝑃 = 𝐿𝐿1 𝑃𝑃 + 𝛼𝛼𝐿𝐿2 𝑃𝑃 , 𝑠𝑠. 𝑡𝑡.𝑃𝑃 = circ(𝑝𝑝)

𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕𝑃𝑃

= 4𝐻𝐻𝐻𝐻𝑃𝑃𝑇𝑇𝐻𝐻𝐻𝐻 − 4𝐻𝐻𝐻𝐻𝐻𝐻 =
4
𝑑𝑑2
𝐻𝐻𝑆𝑆𝐻𝐻 �𝑃𝑃 �𝑃𝑃𝑇𝑇𝑆𝑆𝑆𝑆𝑆𝑆𝐻𝐻 �𝑃𝑃𝑆𝑆 −

4
𝑑𝑑
𝐻𝐻𝑆𝑆𝐻𝐻 �𝑃𝑃𝑆𝑆𝐻𝐻𝐶𝐶 �𝑃𝑃 = diag(𝑝̂𝑝)

�𝐻𝐻 = 𝑆𝑆𝑆𝑆𝑆𝑆𝐻𝐻 𝐶̂𝐶 = 𝑆𝑆𝑆𝑆𝑆𝑆𝐻𝐻

𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕 �𝑃𝑃

==
1
𝑑𝑑 𝑆𝑆

𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕𝑃𝑃 𝑆𝑆𝐻𝐻 =

4
𝑑𝑑2

�𝐻𝐻 �𝑃𝑃 �𝑃𝑃𝐻𝐻 �𝐻𝐻 �𝑃𝑃 − �𝐻𝐻 �𝑃𝑃𝐶̂𝐶
𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕𝑝̂𝑝 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕 �𝑃𝑃

矩阵分析与应用（第2版）
3.矩阵微分



𝐿𝐿2 𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑇𝑇 − 𝐼𝐼 𝐹𝐹
2 = ||

1
𝑑𝑑
𝑆𝑆𝐻𝐻 �𝑃𝑃𝐻𝐻 �𝑃𝑃𝑆𝑆 −

1
𝑑𝑑
𝑆𝑆𝐻𝐻𝐼𝐼𝐼𝐼||𝐹𝐹2

= Tr
1
𝑑𝑑
𝑆𝑆𝐻𝐻 �𝑃𝑃𝐻𝐻 �𝑃𝑃 − 𝐼𝐼 𝐻𝐻 �𝑃𝑃𝐻𝐻 �𝑃𝑃 − 𝐼𝐼 𝑆𝑆

= Tr �𝑃𝑃𝐻𝐻 �𝑃𝑃 − 𝐼𝐼 𝐻𝐻 �𝑃𝑃𝐻𝐻 �𝑃𝑃 − 𝐼𝐼 = 𝑝̂𝑝𝐻𝐻 ∘ 𝑝̂𝑝 − 1 2
2

𝜕𝜕𝐿𝐿2 𝑃𝑃
𝜕𝜕𝑝̂𝑝

= 4 𝑝̂𝑝𝑝̂𝑝𝐻𝐻 ∘ 𝐼𝐼 𝑝̂𝑝 − 4𝑝̂𝑝 𝑝̂𝑝 = 𝑝̂𝑝 − η
𝜕𝜕𝐿𝐿1 𝑃𝑃
𝜕𝜕𝑝̂𝑝

+ 𝛼𝛼
𝜕𝜕𝐿𝐿2 𝑃𝑃
𝜕𝜕𝑝̂𝑝

𝑃𝑃 =
1
𝑑𝑑

diag( ̅𝑐𝑐)𝑆𝑆𝐻𝐻 �𝑃𝑃𝑆𝑆 ̅𝑐𝑐𝑖𝑖 = 0, 𝑖𝑖𝑖𝑖 𝑐𝑐𝑖𝑖 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 ̅𝑐𝑐𝑖𝑖 = 1 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

min
𝑃𝑃,𝑐𝑐

𝑃𝑃𝑌𝑌𝑇𝑇𝑌𝑌𝑃𝑃𝑇𝑇 − 𝐶𝐶 𝐹𝐹
2 + 𝛼𝛼 𝑃𝑃𝑃𝑃𝑇𝑇 − 𝐼𝐼 𝐹𝐹

2 + 𝛽𝛽 𝑐𝑐 1

𝑠𝑠. 𝑡𝑡.𝑃𝑃 = circ 𝑝𝑝 ,𝐶𝐶 = diag 𝑐𝑐

�𝑌𝑌 = 𝑌𝑌𝑃𝑃�𝑑𝑑
𝑇𝑇 = 𝑋𝑋𝑇𝑇𝐹𝐹𝑃𝑃�𝑑𝑑

𝑇𝑇 = 𝑋𝑋𝑇𝑇 �𝐹𝐹



CNN Layer Reconstruction

min
�𝐹𝐹

�𝑌𝑌 − �𝑋𝑋𝑇𝑇 �𝐹𝐹 𝐹𝐹
2 + 𝛾𝛾 �𝐹𝐹 𝐹𝐹

2

�𝐹𝐹 = �𝑋𝑋 �𝑋𝑋𝑇𝑇 + 𝛾𝛾I −1 �𝑋𝑋 �𝑌𝑌

𝐿𝐿 �𝐹𝐹 = Tr �𝐹𝐹𝑇𝑇 �𝑋𝑋𝑇𝑇 �𝑋𝑋 �𝐹𝐹 − 2𝑇𝑇𝑇𝑇 �𝐹𝐹𝑇𝑇 �𝑋𝑋𝑇𝑇 �𝑌𝑌 + 𝛾𝛾𝑇𝑇𝑇𝑇 �𝐹𝐹𝑇𝑇 �𝐹𝐹 �𝐹𝐹 = �𝐹𝐹 − 𝜂𝜂
𝜕𝜕𝐿𝐿( �𝐹𝐹)
𝜕𝜕 �𝐹𝐹



Experiments

Speed-up ratio Compression ratio







It is worth mentioning that input data of the first 
layer of the original network N and feature map of 
the last layer (closely related to the number of 
classification labels) are kept unchanged. 

As for other intermediate convolutional
layers and fully connected layers, we can 
generate compact feature maps �𝑌𝑌 from the 
original feature maps 𝑌𝑌. 

Then, calculate the input data �𝑋𝑋 using the 
compressed network �𝑁𝑁 and estimate the filter 
matrix �𝑁𝑁.
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