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Learning Convolutional Neural Networks for Graphs [ICML2016

Importance Numerous important problems can be framed as learning from graph data.
Social Network Chemical Compound Protein Knowledge Graphs
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Task

* Given a collection of graphs, learn a function that can be used for classification
and regression problems on unseen graphs.

* Given a large graph, learn graph representations that can be used to infer unseen graph
properties such as node types and missing edges.



Implicit spatial order of the pixels, the same
holds for NLP problems where each sentence
(and its parse-tree) determines a sequence of
words.

However, for numerous graph collections a problem-
specific ordering (spatial, temporal, or otherwise) is
missing and the nodes of the graphs are not in
correspondence.

@

Euclidean Data




Has to solve two problems

Determining the node sequences for which neighborhood graphs are created.

Computing a normalization of neighborhood graphs.




* convolutional architecture *

graph normalization

First, it is highly efficient, naively parallelizable,
and applicable to large graphs.

‘ neighborhood graph construction f
O o = OO0 O ««« OO0 O0

. L o node sequence selection
Second, supports feature visualizations, providing

insights into the structural properties of graphs. , , ,
An illustration of the proposed architecture

Third, instead of crafting yet another graph kernel, PATCHY-SAN learns application dependent features
without the need to feature engineering.



PATCHY-SAN utilizes graph labelings to impose an order on nodes.

A graph labeling procedure computes a graph labeling for an input graph.

£V -S

A ranking is a function r: V - {1, ..., |V|}, Every labeling induces a ranking r with r(u) < r(v) if and
only if £(u) > £(v)

Examples of graph labeling

Node degree and other measures of centrality(degree, page-rank, eigenvector centrality, etc)
commonly used in the analysis of networks.

The betweeness centrality of a vertex v computes the fractions of shortest paths that pass
through v.



Node sequence selection

Algorithm 1 SELNODESEQ: Select Node Sequence

[

l:

eI N LR

input: graph labeling procedure ¢, graph GG =
s, width w, receptive field size &
Veort = top w elements of V' according to £
i=1,j=1
while ; < w do
if 7 § |‘/sort| then
f = RECEPTIVEFIELD( Viort [i])
else
f = ZERORECEPTIVEFIELD()
apply f to each input channel
1=1+s,7=73+1

(V. E), stride

Algorithm 3 RECEPTIVEFIELD: Create Receptive Field

= L =

input: vertex v, graph labeling ¢, receptive field size £
N = NEIGHASSEMB (v, k)
Grorm = NORMALIZEGRAPH(N, v, £, k)
return Goorn
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Algorithm 2 NEIGHASSEMB: Neighborhood Assembly O L%

o

: : : ® ~O—
input: vertex v, receptive field size k J

l:
2: mTltput. set of neighborhood nodes N for v neighborhood assembly (at least k=4 nodes)
3 JF\'I — [Ti| s oy ~ ; ~
4: L = [v] @ @ 0 ® @ ®
5: while |[N| < kand |L]| > 0do -

) - node sequence selection (w=6 nodes)
6. L — UUEL JF\' 1 (U) o~ A\
7. N=NUL oW
8: return the set of vertices NV o—0~ / Y O0—O

& .-___'(-E-i“x_{f-l—-.

adjacency matrices under labeling

B

arg;ninEg [[da (AYG),AYG)) — dc (G, G")|]

. 3

labeling distance measures in
method matrix and graph space
(centrality etc.)



The normalization is performed for each of the graphs induced on the neighborhood of a root node v.

select normalize receptive field
"'_’ |:> ) |$ E> | B B | [ B B |
neighborhood subgraph N 7T T~ L. reads vertex and edge
. \@) attributes = channels 3

/
’ ~ \-‘

a,, the number of vertex attributes, a, the number

of edge attributes. For each graph G,it applies 4 field size: 4, stride: 4, filters: M i~
normalized receptive fields and results in one /

(w, k,a,) and one (w, k, k,a,) tensor. These can

be reshaped to a (wk, a,)) and a (w, k%, a,) e e . % =
tensors. / / / / /
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Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering NIPS 2016

SEMI-SUPERVISED CLASSIFICATION WITH GRAPH CONVOLUTIONAL NETWORKS  ICLR2017
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1R % graph neural network modelsfFz7E 3, MERTERSHEENRBALE

H#R#R{EGraph Convolutional Networks(GCNs)

The goal is then to learn a function of signals/features on a graph G(V,E)

A feature description x; for every node i,X: N X D.

Input

A representative description of the graph structure in matrix form.

HY) — fHO, 4)  fHD,4) = (AHmW(z))

Despite its simplicity this model is already quite powerful.

=

x=,

Zh
=

Output

Z:N X F.
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LSS aggregate(X;) =AX aggregate(X;) =(A+ X Xi /O

Q.
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XFFRYT—1L aggregate(X;) =D "*AD"° X

A T 44 _vwN pP-05vN i v vwN p-05 CP
E:]jgﬂﬂﬂ:l:i’] =X, D, ijl A X5 Dy x,-. ‘/AO
7 _vN —05 4. v.n-05 osijos
=Y, D;; " A X; D ® %
1 1
=50 o5 i g5 X Cé k
D;;™ Dj;™
Labeled graph Degree matrix Adjacency matrix Laplacian matrix
(200000 010010\ /2 -1 0 0 -1 0)
(6) 03000 0 101010 -1 3 -1 0 -1 0
oeo 0O 0 2 0 0 O 0 1 01 0 O 0 —1 2 -1 0 0
.‘ 000300 |oo1o011 0 0 -1 3 -1 -1
ee 0000 3 0 11010 -1 -1 0 -1 3 0
\o 0 0001/ \ooo100/ \o 0 0 -1 0 1/

Symmetric normalized

sys _ 1y—1/2 —1/2
Laplacian L™ =D LD

Combinatorial Laplacian L=D-A
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Spectral filtering of graph signals

We cannot express a meaningful translation operator in the vertex domain, the convolution
operator on graph G is defined in the Fourier domain such that

v g y=U((UTz)o (Uly))

It follows that a signal x is filtered by gg as = go(L)x = go(UAU ) = Uge (AU 2

where the parameter 8 € R™ is a vector of Fourier coefficients. ga(A) = diag(0)

SPECTRAL GRAPH CONVOLUTIONS

We consider spectral convolutions on graphs defined as the multiplication of a signal x € R"(a scalar for
every node) with a filter gg = diag(8) parameterized by 8 € R" in the Fourier domain.

goxx = UgeU 'z



H2o2(BE)EFL? CNNA EHEROEEMFL1EH https://www.zhihu.com/people/matongxue/answers

(f * g)(n) = / T ingn-mdr  (Frgm) =S fr)gln— )

T——00

F(1)g(3) + £(2)9(2) + £(3)9(1) (f*9)(4) =) f(4—m)g(m)
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Graph Fourier Transformation

GSP(graph signal processing)

Graph Fourier Transformation

Graph convolution

Graph Convolutional Network
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Spectral Networks and Locally Connected Networks on Graphs

0,
yo/utput — 0 U " . UT;B
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e F—RAIEERE, BEITEU diag(9) UT=HRI5RTR, HRXNTFRIMENE, HERNS, it
HEZE HOMN?); ERZEHE n 1; R Aspatial localization,

Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering NIPS 2016
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Kx R 2| & #ZBreceptive field, BxERSBFH10E = K-hop neighbor_ERYfeaturei#t 1Tk F1,

9= ) 4fQ)
JEN(2) ﬂ ,’
Graph Convolution t“’

The value at vertex j of the filter go centered at vertex i is given by ¥ 6, (L¥); ; ,d¢(i,j) >
K implies (L¥); ;= 0, where d;(i, ) is the shortest path distance.

Wavelets on Graphs via Spectral Graph Theory 2011(Lemma 5.2,5.3,5.4)



y=go(L)r = go(UNU )2 = Uge (AU 2

A solution to this problem is to parametrize go(L) as a polynomial function that can be computed
recursively from L.

K-1
Tp(x) = 2xTy 1 (x) =Ty 5(x) To=1T) =x 9o (D) = ER_OQRTR(A)
6 € RX is a vector of Chebyshev coefficients, A = AZA o
e YW R L AR B
(1) IEATHE:
XT3 Bf @), g) eCla, bl T, o FFERAREFI T, oA, 1L
_ | . <« N
(Cf. 2)= L P(x)f(x)g(x)dx =0 ) = 1;—3
FRf () 5g (x)fEla, b] L p (x)IEZL . MIERZHAFS]. B
0, m#n
j.ll s =T, ()T, (x)dx = % m=n=0
K-1 _ _ _ 21, e 2
y =ge(L)x = z 0Ty (L) x Tk(L) € RV [ = — 1, ) m=n=0
k=0 Amax



- - - - K
% = To(L)x € R Te(L) = 2LTy_1(L) — T—o (L) Youtput = O (Z a; le.)
j=0

K-1 ~
y=goWx =)  OT(Dx  wmm—p ¥ =go(L)x = [Fo, ., 110

k=0

Learning filters

The jt" output feature map of the sample s is Vs,j = 9o, (L)xs; € R™

x5, are the input feature maps and F;, x F,,; vectors of Chenyshev coefficients 6, ; € R®
are the layer’s trainable parameters.
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We consider spectral convolutions on graphs defined as the multiplication of a signal x € R"(a scalar for
every node) with a filter go = diag(8) parameterized by 8 € R" in the Fourier domain.

2
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e
|

goxx = UgeU 'z Q,WWZMA
k=0



LAYER-WISE LINEAR MODEL

K=1

® Recover arich class of convolutional filter functions by stacking multiple such layers.

® Not limited to the explicit parameterization given by, e.g., the Chebyshev polynomials.

@® Can alleviate the problem of overfitting on local neighborhood structures for graphs with very wide
node degree distributions.

® For a fixed computational budget, this layer-wise linear formulation allows us to build deeper models.

K
Jor * T ~ E 0,1 (L)x L=s:L-1Iy
k=0

Approximate 4,,,,, = 2 as we can expect that neural network parameters will adapt to this change in scale
during training.

1

gor %~ O+ 0, (L — Iy)x =60y — @)D TAD 3z



In practice, it can be beneficial to constrain the number of parameters further to address
overfitting and to minimize the number of operations (such as matrix multiplications) per layer
in the neural network model.

gor % ~ O+ 0, (L — In)x =60 — 0D TAD 3z

' _ /I /
99*$%9(IN+D%AD%):U 0 =0y = -t
renormalization trick
IN+D 3AD™% — D 3AD"> A=A+Iy  Dy=Y,A;
generalize generalize this definition to a signal X € RV*¢ with F filters or features maps as follows:
~ 1 ~ ~ 1 _ _
Z=D"2AD 2X0O O ¢ RYXF

HO+D — a(é—%}ié—%ﬂmwm) + HO



EXAMPLE OF SEMI-SUPERVISED NODE CLASSIFICATION

F
Z = f(X,A) = softmax(/i ReLU(AXW(O)) W<1>) A=D3AD 3 L=- > Yiylnzy

ey f=1
Dataset Type Nodes Edges Classes Features Label rate
Citeseer  Citation network 3.327 4,732 6 3,703 0.036
Cora Citation network 2.708 5.429 7 [,433 0.052
Pubmed  Citation network 19,717 44 338 3 500 0.003
NELL Knowledge graph 65,755 266,144 210 5,414 0.001

Table 2: Summary of results in terms of classification accuracy (in percent).

Method Citeseer Cora Pubmed NELL
ManiReg [3] 60.1 59.5 70.7 21.8
SemiEmb [28] 59.6 59.0 71.1 26.7
LP [32] 45.3 68.0 63.0 26.5
DeepWalk [22] 43.2 67.2 65.3 58.1
ICA [18] 69.1 75.1 73.9 23.1

Planetoid* [29] 64.7 (26s) 7H.7(13s) T77.2(25s) 61.9(1835s)
GCN (this paper)  70.3 (7s) 81.5 (4s) 79.0 (38s) 66.0 (48s)

GCN (rand. splits) 67.9+0.5 80.1+£0.5 789+0.7 H84+1.7




Table 3: Comparison of propagation models.

Description Propagation model Citeseer Cora Pubmed

7 . K =3 K 69.8  79.5 74.4
Chebyshev filter (Fq.p) - _ ko Tk(L)X O 69.6 812 738
1*-order model (Eq. 6] XO+ D 3AD" X6, 633 800 775
Single parameter (Eq. I (In+ D~ B 4D 3 2)XO 69.3  79.2 774
Renormalization trick (Eq. @ D 3AD 3X0O 70.3 81.5 79.0
1%-order term only D 2AD 3XO 68.7  80.5 77.8
Multi-layer perceptron X6 46.5  55.1 71.4

/ T / / Y /I N— L —

gor xx~ Y 0T (L)x gy %~ O+ 0 (L — In)x = 60ha — 0D 3 AD

k=0

go %1~ 0 (]N + D—%AD—%)
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