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R = [ 3 ple.)ily. h(@) de.
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where £: YV x Y — R, is a loss penalizing the predictions

In classification with a reject option, the classifier is allowed
In uncertain cases to abstain from prediction.

Cost-based model

Rp(h,e)= | Y p(z,y) (Uy, h(z))e(@)+(1-c(x))e) da
X

yey



hp(z) € argmin » p(y | z) £(y, §) (1)
yey yey
1 if r*(x) <e,
cg(x) =<« 7 if r*(z)=¢, (2)
0 if r(z) > e,

where r*(z) = mingey >, 3, p(y | ) £(y,9) is the mini-
mal class conditional risk associated to the input x, and 7
is any number from the interval [0, 1].



Bounded-improvement model

b(c) = /X p(z) e(z) da
[S play) Uy, h(z)) o(x) da
X yey

()

nlllaxqb(c) s.t.  Rg(h,c) < A, (3)

Rs(h,c) =




Theorem 1 Let (h, c) be an optimal solution to (3). Then,
(hp,c), where hp is the optimal Bayes classifier (1), is also
optimal to (3).

cen[%)?l}](?f /Xp(:c)c(as)d:c s.t. Lp(a:)c(a:)?(a:)d:c <0 where7(z) =r(x)— A
(4)

r(z) = ply | )y, h(z))

yey



Theorem 2 A selection function ¢ : X — [0,1] is an
optimal solution to (4) if and only if it holds

[ pwc@dn= [ pds, ©
Xr () <b X7 ()<t

p(X'r'(w)<b) l_f b > 0
plx)c™ (x)dxr =

(7)
/ p(z)e (z)dz = 0, 8)
Xr(z)>b

where p(X') = [, p(x)7(x) dx is the expectation of T(x)
restricted to inputs in X', and

b=sup{a| p(Xray<a) <O} 20.  (9)




Corollary 1 Let r: X — R be the conditional risk (5), T
the acceptance probability given by (10) and v = b + A the
rejection threshold given by the target-risk A and b computed
by (9). Then the selection function

L if r(z) <7,
c'(z) =4 7 if r(z)=nr, (11)
0 if r(z) <7,

satisfies the optimality condition of Theorem 2.

{ 1 if (X)) = 0, r(n,) < 7(2n,) < e < 7 (2m,)
’T o

Xy :
—f)EXrEm;::YY;§ if p(’tr(x)z’r) > 0. S(xm) = S(xﬂz) = e = S(x”n)




Order Enforcing Loss Function

Let 7, = {(z;,y;) € X x Y |1=1,...,n} be aset of
inputs and labels generated from n 1.1.d. random variables

with distribution p(z, y). We define a loss function A : R™ x
X" x Y — Ry as







Corollary 3 Let s* € argmin,. v_,p F(s). The selection
function c¢* : X — [0, 1] defined by

1 if s*(z) <7~,

c(x)=4 T if s*(x)=17, (17)
0 if s*(z) >,
where v = sup {a | p(Xs+(2)<a) < 0}, (18)
and T (X } if p(Xer(z)=7) =0,
= P\ Vs*(z)<~ .
—p(xs*im;:oy) l‘f p(XS* (1:):7) > 07
(19)

fulfills conditions (6), (7) and (8) of Theorem 2, therefore it
is an optimal solution to (4).



1 n n

A(Q: Tn) = n2 Y: y:ﬁ(yz-, h(ﬂfﬁ))w(se(fﬁj) - Se(fb"z‘))

i=1 j=1

where w(t) = max{0,1 + ¢}

C 1 o &
F(0,Tn) = 1I01*+ 5 > A6, T)
k=1



Baseline uncertainty measure

Logistic-regression 1 —pe(h(x)|x)
Support Vector Machines meilr) (w,,x) + b,
y

Proposed method for uncertainty learning

S (x) — (Wh(x)' ¢(x)) + by
L) =x 2.9x) = (x; - x|, ) €{1,2,...,d}* Aj <)
3.Features extracted by multi-layer perceptron trained
from examples.
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