Semi-supervised Learning with Graph Gaussian Processes
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Gaussian processes for regression

X = {Xn}yjyzl y = {yn ’iLV:1 p(f’X) — N(f’O,KN) [KN]nn’ — K(Xnaxn’)

yi=Jfitea  ~N(0%) fi=f(x)
Integrating out the latent function values we obtain the marginal likelihood
p(y|X.8) = N(y[0.Ky +o°T)

p(yx,D,0) = N(y|ky (Ky +0°T) 'y, Kux — ky (Ky +0°T) 'ky + 07) kx|, = K(x,,x)



By, ) = ) YUn (1 — . 1=yn
X, N(E]0,K,p) f 0 o(f.) (yn | &(fn)) = &(fn)"" (1= (fn)) U

We denote the probit inverse link functionas ¢(z) = [*__N(a|0, 1)da

the Bernoulli distribution  B(y,, | &(f1)) = &(fn)V (1—o(fr)) 7 vn

N
The joint distribution of data and latent variables becomes p(y.f) = H B(yn | o(fn)) N(£]0,.K,,)

n=1

Given a data set of size N with D-dimensional features X = [x;,...,xy]', a symmetric binary

adjacency matrix A € {0, 117> that represents the relational graph of the data points and labels
for a subset of the data points, ), = [y1,...,yo], witheach y; € {1,..., K}, we seek to predict the
unobserved labels of the remaining data points Vi = |[yo+1, - .. yn]. We denote the set of all labels

asyY = Vo U V.



Sparse Pseudo-input Gaussian processes (SPGPs)

We consider a model with likelihood given by the GP predictive distribution, and parameterized by a
pseudo data set.

pseudo-inputs X = {x,,}M_, pseudo targets = {f,,, },_;
p(y|xa Xa f) — N(y}k;(rK;jl?ﬁ KXX o k;:l_KJTIlkX + 0-2)

[Kf\.f]mm’ — K(}_{ma )_(m’) [kx]’m — K(}_(m, X)

The target data are generated i.1.d. given the inputs, giving the complete data likelihood

_ _ N
piy|X. X £) =]

n—

(Y%, X.f) = N(y|Kw K ', A+ o1

A= dlag(A) A= Kpn — leil k, [KNE\J}??,m — K(an im-)



py X X5 =]

n=—

1 ])(y’n ‘X'T?,j X. f‘) f— N(y‘Kf\J\,IKﬂ_jlf A —I— O’QI)

Learning in the model involves finding a suitable setting of the parameters — an appropriate pseudo

data set that explains the real data well.
However rather than simply maximize the likelihood with respect to pseudo data it turns out that we

can integrate out the pseudo targets.
We place a Gaussian prior on the pseudo targets:
p(f|X) = N(£f]0,K,,)

This is a very reasonable prior because we expect the pseudo data to be distributed in a very similar manner
to the real data, if they are to model them well.

The posterior distribution over pseudo targets

p(f]D. X) = N (f K, Q. Kin(A+0°D) 7y, K\ Q' Ky) Qi =Ky + Ky (A +0%1) 'Ky,



p(ylx. X, f) = N(y}kIK;jlf, Kyux — k) K7 ky + 02)
p(f|D,X) = N(ﬂKﬂfoleMN(A + Ugl)ily: KMQMlKM)

p(ys|x., D, X) = / df p(y.|x., X, ) p(f|D, X) = N (y.| s, 02)

[y = kIQMlKﬂ{N(A + 0'21)71)/’ 0*2 K kT( QM ) *

Qv =Ky + Ky (A + 0'21)_1KNM



We are left with the problem of finding the pseudo-input locations X and hyperparameters @ — {0, 02}

We can do this by computing the marginal likelihood

p(y|X, X ©)= / df p(y|X, X f) ])(ﬂ}_() = N(y|0, KNﬂJchflKl\-IN + A+ 0'21)
The marginal likelihood can then be maximized with respect to all these parameters {X, ®} by gradient ascent.

Seeger’'s method of PLV  p(y|X, X, ©®) = N (y|0. KNMK;fKMN + 021)

(a) (b) (c)
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We wish to define a sparse method that directly approximates the posterior GP mean and covariance
functions

my(x) = Kyn(0°1 4+ Kpn) ™'y

ky (X7 X,) — k(Xa X/) o KXTL(UQI + Knn)_lKnx’

This posterior GP can be also described by the predictive Gaussian

p(zly) = | p(z|f)p(fly)df



We equivalently write p(Z\y) as

p(zly) = |

pseudo-inputs

support points

p(zly)

p(z‘fm: f)p(f‘fm y)p(fm ‘y)dfdfm
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p(zly) = / p(z|f,, £)p(fIf,., y)p(f.|y)dfdt,,

Suppose now that f,,, is a sufficient statistic for the parameter £ i.e. it holds

_ A Unifying View of Sparse Approximate
)(Z‘fm ? f) o )(Z‘fm) Gaussian Process Regression(JMLR2005)

q(z) = / p(z|f,. )p(f|f,.)o(f,,)dfdf,, = / p(z|f,) ot )dE, = / q(z,t,,)df,,

ZANEZANN
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p(zly) = / p(z|f,., £)p(f|f,., y)p(f.|y)dfdt,,

q(z) = / p(z|f,)p(£|£,, ) o(£,, ) dEdE,, = / p(z|f,,)o(f,,)df,, = / q(z,£,,)df,,

mmm mir

my(x) = Kxm o B =K., AK,,,

/ / b ~—1 7~ e e
]f;], (Xj X ) = k(X; X ) — Axsvn-[\ Afmx’ -+ [\x'm,BA?n-x’

mm

A principled procedure to specify ¢ and the inducing inputs X,,, is to form the variational distribution ¢(f)

and the exact posterior p(fly) on the training function values f and then minimize the distance(KL).

Equivalently, we can minimize a distance between the augmented true posterior p(f,f,.|y) and the

augmented variational posterior ¢(f, f,,)

Q(fa f’m) — p(f|fm,)¢<ffm)



The augmented true posterior is associated with the augmented joint model
p(y, £, fn) = p(y|f)p(flfn)p(f)

which is equivalent to the initial model p(y,f) = p(fly)p(f)

Notice that the conditional prior p(f|f,,,) and the marginal prior P(f,.) depend on the specific values of

the inducing inputs X,,, However, this dependence never affects the posterior p(ﬂY) or the marginal

likelihood p(¥)

The variational approach

_ p(f|u)p(u)p(y|f) p(fﬂy) — fdup(f}u’y)
p(y)

p(f,uly)



q(f,u)
(f,uly

(f, u)

| "
— log —I—/dudf f.u)log
y =logp(y)+ [ dudfq(f, u)log Z =

KL(q(f,u)|[p(f,uly)) = / dudfq(f, u)log D

o p(y) = [ dudlfy(t.wtog P50 KL(g(t.wlp(e uly)

Inp(X) = L(q) + KL(q | p)

F(q(u)) = [ dudfq(f,u)log péffuu”{) is the evidence lower bound (ELBO).

p(y, f,u) ply,f v

Jensen's
inequality




4 A single variational bound

Scalable Variational Gaussian Process Classification AISTAS2015

logp(y |u) = Ep¢|w) logp(y | f)]

logp(ylu) = log/p(’y!f)p(f!u)df > /p(f!u)logp(y!f)df = By (s logp(y[ )]

This is in general intractable for the non-conjugate case. We nevertheless persist, recalling the standard

variational equation:

log p(y) > Eq(u) [log p(y | u)] =KL [g(u)|[p(u)]

p(y, f,u) = p(y| f)p(flu)p(u)



p(y, f,w) = p(y|f)p(flu)p(u)

logp(y) log// yfudfdu—log// ) yfuddu
logp(y // y‘f %) df du _/f (w)p(y|f) (fyu)dfdu+f ()qggdu

- / a(u)p(ylu)du — KL[g(u) [p(w)] > Eqologp(ylu)] — KLg(w)||p(u)]

f
log p(y) =log / dudfp(y, f,u)=log / du dfg(f, u)” gf u‘;) > / du dfg(f, 1) log P LW




AT ARRAUKBEEHE-)

Flg(w) = [ dudfq(f,u) log L)

p(fla)p(u)p(y|f)

_ v uly) =
F(q(u))—/ dudfp(fu)g(u)log p(Ela)g(u) plf.uly) = p(y)

= [ auatpttgtu og 2P

= [ awap(tiwygw tog %‘3 + [ dudtp(Ela)gtu los p(y )

Consider the derivative of the ELBO w.r.t ¢(11) with the addition of the Lagrange multiplier,

d
dg(u)

F+ A= / dfp(f|u) [logp(u) — log g(u) — 1] + / dfp(flu) log p(y|f) + A

atw =" exp ([ (e lowpioin)



A

it =" o [ atpte (o) ~ [ dudtp(tla)gutog "

H(y,u) = exp ([ dfp(flu)logp(y|f)) q¢(u) =p(u)H(y,u)/Z

Fla(w) = / dudp(Elu)g(u) log p(ig}??guf))/ 4

= / dudfp(f|u)g(u) log p(y|f) —log H(y.u) + log Z|

_ / dug(u) |log Z —log H(y.u) + / Afp(£|u) log ply|f)

=0

= log 7

M = / dfp(f|u) log p(y|f) = / dfN(f; Ken K tu, Kg — Keo K Kug) logN (y; £, 0°1)]

1
= ——— Tr(B) + log[N(y; A, 021)] A=KnKgu B=Kg— Kpo K7 Kug

202



Q(u) — N(KTTI??.-(KTETTI-K_l K’ITIR _|_ O-QI)y‘ K'n'z,?n- T K’ITL'TI (KTL'TRK_l KT?’?,-??.- —I_ O-QI)KTZTH-)

mrn TIm

= N(O__2Kmm ZKfmxn,y: KTTI'??'I,ZK”IH??I)}

2 = (K’.'nm + O'_QKmnKnm)_l

The lower bound on the marginal likelihood is:

1
F(Q(U)) — lOg,N(y‘O 021 + Kn'mK_l K'm,'n.) _—;TI‘(Knn — Kan_l Km,n)

LT mam
. 2072

-’

v

DTC log marginal likelihood . . .
regulariser - avoid overfitting

an — Kn’mK_l K’mn

1 N T
Fy(X,,) =log [N(y|0,0°] + Qun)| — == T7r(K)

2072 ]} — COV(f|fm) — Knn—anrnK_l Kmn

T



AT ARRAUKBEHED)

logp(ylu) = log/p(y!f)p(f!u)df > /p(f!u)logp(’y!f)df = By (s logp(y]f)]

logp(y) = Iog// yfudfdu—log// ) yfuddu

logp(y // Pylf)p f‘“‘ “ gt du _f/ (w)p(y|f) (fyu)dfdu+/ ()q%du

N /Q(u)p(ylu)du — KL[g(u)||p(u)] = Equlogp(y|u)] — KL[g(u)||p(u)]

logp(y |u) = Ep¢ ) logp(y )]

log p(y) = Eqy(u) [log p(y | u)]— KL [g(u)||p(u)]



logp(y) = Equ) [log p(y [u)] = KL [g(u)||p(u)] > E,) |Epeu logp(y|f)]] — KL [g(u)|[p(u)]

= Eye) [log p(y [f)] — KL [g(u)|[p(u)] q(f) == [ p(f[u)g(u)du

Q(U) — N(u | m, S) Q(f) — N(f ‘ Am 9 Knn + A(S - Kmm)AT) A = Kan_l

T

Since in the classification case the likelihood factors as p(y |f) = Hj\;l pyi | fi)

N
log p(y) > > Ey(s,) [0g p(yn | f2)] — KL [g(u)][p(u)]

n=1

We are left with some one dimensional integrals of the log-likelihood, which can be computed by e.g.
Gauss-Hermite quadrature.

S=LL"



", i . 0,
a_MEN(I‘[L,UQ) f(ﬂ?) — EN(CE“L,O'Q) {%f(iliﬂ

9 S o
wEN(:E\;L,Uz) f(ﬂf) — %EN(mWaUQ) [@f(ﬂfﬂ

These derivatives also have to be computed by quadrature methods, after which derivatives with
respectto m, L, Z
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S FRYT—14 aggregate(X;) —D %5 A 05 x
R =B, Dy B Ay Xy B, Dy R -
7 - - : i
=3, D" Ay X; D o O i
Lo, 1 d e
N L4 _ .
S D;;*® i Djj(l5 4 3
N(£10.K,,) By | 6(£.)) = b(f)0n (1—b(£)) —¥n
X, fan o(F) ) = o(fn)" (1—0(fn)) "
N
h F(xn) + 21 Nem) F(x1) p(y,£) = 1] Blyn | 6(f2)) N(£]0,Kpn)
n = n=1




N0 K Blyn | (1)) = O(f)" (1—6(f)) ¥
X D

(X”) + ZZENG (n) f Xl

_ n=1

" 1+ D,
N
po(Y. h|X,A) = po(h|X,A) [] p(yulhn)  po(h|X,A) = N(0,PKxxPT)
n=1 ‘
Pox L PT

dx = Pbx = (I+ D) 'Ddx + (I+D) (I - L)dx
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X = ($19$29"'7$N)T Y = (ylayQa"':'yN)T DM — \/(X_y)T‘S_l (X_y)

Dy - ¢ S EW o, ¥) = BI(X - B(X) - (Y - BY)

OREEE—MENMITER N ARAERENHEINENSZ. SREKESEAENEEZERE
sz BNEXR (fla: — X< TEENEESTHR—EZXTHRENER, BAREREX
BEEY) HBERETLXE (scale-invariant) , B FMNERE.
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7 9 0 17 55 4 o _
9 5 3 25 14 1
N(f | 0, Knn) B(yn | Cb(fn)) — qb(fn)yn(l _cb(fn))l_yn

d(x) = [Z__N(a|0,1)da



Symmetric Mahalanobis distance for defining distance between two nodes in the graph.

dﬂJ (u: U) — (ﬂlu — HJU)T(E.Jl + E;l)(ﬂxu — N'L’)
Enforcing neighboring nodes to be close to each other

Lsmooth — Z (uu - N/'U)T(E-Il _I_ Er;l)(ﬂlu _ N'U)
(u,v)e&

- fi + Ljen i rz(u,v)ESdM (9 9v)

N(£]0, Kyx) - A D




Rates of Convergence for Sparse Variational Gaussian Process Regression ICML2019

The computational cost seems to be linear in N, the true complexity of the algorithm depends on
how M must increase to ensure a certain quality of approximation.

We show that with high probability the KL divergence can be made arbitrarily small by growing M
more slowly than N.

Our results show that as datasets grow, Gaussian process posteriors can truly be approximated
cheaply, and provide a concrete rule for how to increase M in continual learning scenarios.



Type Nnodes Nedges Nlabel_cat. Dfeatures Label Rate

Cora Citation 2,708 5,429 7 1,433 0.052
Citeseer Citation 3,327 4,732 6 3,703 0.036
Pubmed Citation 19,717 44,338 3 500 0.003

7 1: cora 10 286 K 4 MH,.GCGP (NIPS18) VS GGP-M (i)

VARPA 1 ) 3 4 5 § 7 8 9 10 ~FME
GGP 81.1 80.8 809 809 809 809 808 S8I1.0 SI.0 S81.2 809
GGP-M 822 81.8 82.7 821 822 822 821 827 826 822 82.3

GGP(x+500) 84.6 84.7 851 84.6 848 850 848 84.8 848 847 848
GGP-M(x+500) 854 849 R86.1 849 852 857 852 84.6 84.7 858 85.3




% 2: citeseer 10 RS N LIE GGP(NIPS18) VS GGP-M (k)

WAREA 1 2 3 4 5 6 7 8 9 10 ~F¥ME
GGP 692 69.1 69.1 69.1 686 695 685 694 688 690 69.0
GGP-M 695 695 703 702 69.7 705 697 703 704 706 70.1
X 3: pubmed 4x10 X525 A& HBME GGP(NIPS18) VS GGP-M (i)
7V 1 2 3 4 5 6 7 8 9 10 VA
GGP(n=10000) 77.0 77.0 77.2 771 764 769 76.8 77.0 77.1 765 77.1
GGP-M(n=10000) 76.1 76.7 76.0 76.4 76.6 769 76.6 774 76.9 76.5 76.6
GGP(dell-1) 76.2 76.3 76.6 T76.7 76.7 T6.7 759 7T6.1 76.5 763 76.4
GGP(dell-2) 76.4 755 764 T7.2 764 765 76.7 762 76.1 768 T76.4
GGP(lenovo-1)  77.1 76.0 76.5 769 762 76.6 76.8 76.6 76.0 76.7 76.5
GGP(lenovo-2)  76.5 759 76.2 759 76.3 762 76.7 76.0 76.6 76.5 76.3
GGP-M 771 766 76.8 T77.2 764 763 772 760 77.0 775 76.8




