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' Distance of Distributions

Let (x,) ) be a measurable space.

e The Total Variation (TV) distance

(P, Py) = sup [P,(4) — Py(A)]
AeX
when X is a finite space, we have that §(P, Q) = max,cx |P(x) — Q(z)|.

e The Kullback-Leibler (KL) divergence

P.(x)
Py(x)

KL, ) = [log (15 ) P (w)du(o).

e The Jensen-Shannon (JS) divergence

JS(Pr,Py) = KL(P,|[Pr) + KL(Py[|Pyn)
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-+ BEIEGH, tJRIbi&ILHH=RA

V(D,G) = [ P.(a) log(D(z) + Py(a) log(1 — D(z) do

P.(x
VY _ . wams Dy (z) = ()
oD P, (z) + Ps(x)

« BD+wEIRR, RKIMEMBICEIr BT/ NMLISEUE

Pr(jimf)ﬁf(m)] B on f?i P; f)($>]
.+ Py

=E..p. llog

P, + P;
:—log(4)+KL(PT|| ; )+KL(Pf|| :

= —log(4) + 2JS(P,||Py).




' Problems

Example 1 (Learning parallel lines). Let Z ~ U|0, 1] the uniform distribution on
the unit interval. Let Py be the distribution of (0, Z) € R? (a 0 on the x-axis and
the random variable Z on the y-axis), uniform on a straight vertical line passing
through the origin. Now let go(z) = (0, z) with 6 a single real parameter. It is easy
to see that in this case, e

1 z=F0fand0 <y <1,
else. i

log 2 if
.JS(]PO,]PQ):{Og if 0 #0,

0 if =0, Can not properly
estimate the
o KL(Py||Py) = KL(Py||Py) = {goo li g f g ’ difference
’ between two
e and §(Py,Py) = {1 ?f 070, no!10\{erla.pping
0 if0=0. distributions!




» Total variation: Forany 8 # 0, let A = {(0,y) : y € [0, 1]}. This gives

1 if6+#0,

o1Fo, Fo) = {0 ifg =0

« KL divergence and reverse KL divergence: Recall that the KL divergence K L(P||Q) is 400 if
there is any point (z, y) where P(z,y) > 0 and Q(x,y) = 0. For KL(F; || Fy), this is true at
(6,0.5). For KL(Py||Ppy), this is true at (0, 0.5).

too  ifO£0),

KLGMU@=?KLGMFm::{o if =0

 Jenson-Shannon divergence: Consider the mixture M = PO/Z + Pg/2, and now look at just one
of the KL terms.
P() (.’B

KLBM) = [ Py, ) log %Y gy do
() M(z,y)

For any x,y where Py(z,y) # 0, M (x,y) = %PO (z,y), so this integral works out to log 2. The
same is true of K L(Py||M), so the JS divergence is

log2  if6#0,
JS(PO’PQ):{Og ifQiO
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1-Wasserstein Distance

Problem 5. Find a transport plan to minimize the following
total cost:

C(m*) = inf / c(x,y)dr(x,y) (9)
X XY

mell(p,v)
where I1(, V) is the set of transport plans defined as:
M(p,v) ={reP(X XY) 71, = p,m, =v} (10)

where T, and T, are marginal distributions of ™ on X and
Y, respectively.

c(x,y) is a cost function,which can be implemented by £, norm, £, norn, etc.




' 1-Wasserstein Distance (Earth-Mover Distance)

Intuitively, y(x, y)indicates how much “mass” must be transported from x to y in order to
transform the distributions B. into the distribution P.. The EM distance is the “cost” of the
optimal transport plan.

s @8 _ @ o o mes
02 [N 77 0 o

min d(s,t) * m(s,t)
0 - 2

Z m(s,t) = b(t) vt Z m(s,t) = a(s) Vs




' 1-Wasserstein Distance

Example 1 (Learning parallel lines). Let Z ~ U|0, 1] the uniform distribution on
the unit interval. Let Py be the distribution of (0, Z) € R? (a 0 on the x-axis and
the random variable Z on the y-axis), uniform on a straight vertical line passing
through the origin. Now let gg(z) = (0, 2) with 8 a single real parameter. It is easy
to see that in this case,

o W(Py,Py) = 16|, (Take €5 norm as the cost function)

e Earth Mover distance: Because the two distributions are just translations of one another, the best
way transport plan moves mass in a straight line from (0, y) to (6, y). This gives W (Fy, Py) = |0

Wasserstein distance can estimate the

difference between two
nonoverlapping distributions
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' Dual Form

« The Monge-Kantorovich dual problem*

Problem 2. Find a function v such that

O, v) —sup{/w Jivly) ~ [ éla)dp(a } )

where C(,v) is the Wasserstein distance between | and v
and )¢ is the c-transform of 1 defined below:

ey o ¢y) = inf (V(z) +c(zy) G

*Villani, C. Optimal transport: old and new, volume 338. Springer Science & Business Media, 2008



' Dual Form

» Discrete form

X = {z;};es sampled from x and Y = {y; };c7 sampled
from v, where 7 and 7 are disjoint index sets. Let m = |Z|
and n = | 7| be the numbers of elements in the two sets.

Problem 3. (Discrete Case of Problem 2) Let

QW) = S -~ Y wlay) @

1€T 1E€ET

Find a function v such that C(u,v) = sup,, d(1)) where

A

C'(u,v) is the Wasserstein distance between p and v and
W is the c-transform of ¢ defined below:

Yy €Y (y;) = inf (Y(x) +c(z,y:)) ()

rzeX




' WGAN ( Kantorovich-Rubinstein duality)

In order to make ¢° = 1) to simplify this problem, the
WGAN restricts function ) to be 1-Lipschitz (Arjovsky

W(P,,Fy) = SuP Eonr, ()] = Eonr, /()]

DEFINITION 12.6 (Lipschitzness) Let C C RY. A function f : R? — RF is
p-Lipschitz over C' if for every wi,wy € C we have that || f(wy) — f(ws)| <

pllwi — wall.

Arjovsky, Martin, Soumith Chintala, and Léon Bottou. "Wasserstein Generative Adversarial Networks." ICML. 2017.



03§ oualform




A New Formulation (main contribution)

«  Without making the Lipschitz continuous assumption

Problem 4. Solve the following problem:

~

e ﬁ(f)=<—2fy@)——2f%

1€L 1e€TJ

st fyi) — f(-’lij) <c(zj,yi), V€T, V@ €I

Solving Problem 4 1s equivalent to solving
Problem 3 under a mild assumption that the cost function
c(-, -) satisfies the triangle inequality in Lemma 3.1.




Lemma 3.1. If the cost function c(-, -) satisfies the triangle
inequality, i.e., c(x,y) + c(y,z) > c(z,z),Vz,y, 2, then

Ve, € X, Yy, €Y, ifx; = y;, and 1™ is the optimizer to
Problem 3, then (v°)*(y;) = ¥*(x;), where (V)" (y;) =
inf__ ¢ (¢v*(z) + (=, Yi))-

Proof. We prove this by contradiction. Without loss of generality, suppose z, overlaps with ;, 1.e., x4
ye, and (Y)*(y1) # ¥*(xs). According to the definition of the c-transform in Eq.  (5), (¥°)*(y:)

inf{y" (2s), inf ¢ ¢\, ¥ (z) + c(z,y¢)}. Since ()" (yi) # ¥ (xs), for any y;, we have

@[)*(xs) + C(m.Sa yi)

> inf (¥*(x) + c(z, ) + oz, v;)
reX\xg

= inf (*(z) + clz,y) + c(zs, yi))
reX\z1

> inf  (Y*(x) + ez, )
rE€EX\xs



' Proof

In this case

C*(u, v)
1 1
= W) ) - Y ()
1€ jed
1 . * ) — l (.

We can always find another function v, such that ¢'(z) = o*(z),Vz € X \ z,, and ¢*(z5) > 9'(z;)
> d(y*

inf g, (07 (x) + c(z,p). In this case () (1) = (V)" (i), Vi € I, but () > ¢/ (). So, d()
contradiction.




Solving the Monge-Kantorovich Dual Formulation

Problem 4. Solve the following problem:

\ Directly solving
A 1 1 :
max h(f) =< — Z Fly:) — = Z flxs) y Problem 4 is
f {m = nig difficult

st f(yi) — flwg) <clwj,u), VieT, Viel

3

max iZﬂ_lsz A linear
oM "iea ¥l programming

S.t. Ti—Tj SC?;J', Viel, V9eJd




Solving the Monge-Kantorovich Dual Formulation

Step 2: After solving the linear programming problem, we
optimize the following regression problem:

1
min
f m—+n

S Flw) T+ Y (flay) - 17)°

1€L jeETJ
(8)

Why need a continuous function?




Objective Function

mén max C(f) = {;ZD(%) - % Z D(G(Zj))}

1€T JjET
s.t. D(y;) — D(G(z;)) < c(vi, G(25)), Vi, %3)

where c(yi,G(2;)) = |lyi — G(25)|[1 (41 distance) or
c(yi, G(25)) = |lys — G(z;)||2 (¢2 distance).

Optimize D: Using the proposed two-stage
method
. . . 1
Optimize G: min - — Z D(G(z,))

JET




Algorithm 1 WGAN-TS
' Algorithm "1: Input: Real data Y, batch size m, n, = 1, n, = 5,
Adam parameters, o, 31, 52
2: Output: G, D
3: while 6 has not converged do
4. fort.=0ton.do

5: Sample {y; }icz ~ P, from real data.

6: Sample {z;},;c7 ~ P, random noises.

7: Letz; = G(z;),Vj € J.

8: Solve the Linear Programming problem in Eq. (7)

using ¢;; = ||y; — x||1, and obtain T™*. ) ..
9: Ty Tf — (Ypezus TF)/(m+n), ¥t € TUJ. > Optimize D
10: fort, = 0ton, do ,
11: Jw < vwﬁ(ziez (D (ys) = T7)" +
N\ 2
>jeg (Du(z;) = T5)°)

12: w < Adam(g., w, a, B1, [F2)
13: end for
14: Perform weight scaling on D according to Eq. (15)
15:  end for

16: |96 < Vo — 5 > jc7 D(Go(2))) + Optimi

n > imize G
17: |0 < Adam(gy, 0, @, f1, 52) P

18: end while
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' Experiments

« 1st part: WGAN-TS is more accurate

B metrics B models
e £, WD * WGAN
e £, WD * WGAN-GP (NIPS17)

* SN-WD (ICLR18)

« 2nd part: WGAN-TS produces better images

B dataset B Compared models
* MNIST * WGAN
* LSUN * FisherGAN (NIPS17)
* CIFAR-10 * WGAN-GP (NIPS17)

* SN-WD (ICLR18)



' 1st Part
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Figure 1. Wasserstein Distance (WD) on the 8 Gaussian toy dataset.




1st Part
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Figure 2. Value surfaces of critics computed by (a) WGAN, (b)
WGAN-GP, (¢) WGAN-TS-/; and (d) WGAN-TS-/5.




2"d Part - MNIST dataset
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WGAN-TS generate more realistic images of digit 8.




' 2"d Part — LSUN dataset
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Figure 4. On the LSUN dataset, images generated by (a) WGAN,
(b) WGAN-GP (¢c) SN-WD and (d) WGAN-TS. We mark the
images that we can recognize as bedrooms with red boxes.




Z

(a) WGAN (b) WGAN-GP (c) SN-WD (d) WGAN-TS

Figure 6. On the CIFAR-10 dataset, images generated by (a)
WGAN, (b) WGAN-GP, (¢) SN-WD and (d) WGAN-TS. Images

that are recognizable are boxed in red. ( Higher resolution compar-




' Quantitative Analysis

the running time of the critic update per generator update.

Table 1. Inception scores on the MNIST and CIFAR-10 datasets.  Table 2. Critic time consumption per generator iteration.

METHOD MNIST CIFAR-10 METHOD CRITIC TIME (IN SECONDS)
WGAN 1.64 +£0.09 2.77+£0.18 WGAN 0.373 £0.171
WGAN-GP 2.34 +0.19 2.99 +£0.22 WGAN-GP 0.881 =£0.277
FISHERGAN - 1.00 = 0.00 FISHERGAN 0.499 £ 0.307
SN-WD 2.22+0.23 296 +£0.18 SN-WD 0.435 +0.272
WGAN-TS 2.35+0.20 3.13£+0.15 WGAN-TS 0.278 + 0.129

WGAN-TS is more effective and efficient




' Conclusion

* A new formulation of the Monge-Kantorovich dual formulation to
compute the Wasserstein Distance (WD) Is proposed, which can
be solved by a combination of linear programming and DNN
regression.

* WGAN-TS does not need additional hyper-parameters for weight
constraints.







AL with Wasserstein Distance

Motivation:
Deep Active Learning: Unified and Principled Method for Query and Training (AISTATS 2020)

Rp(h) < Rg(h) + L(H 4+ \)W1(D, Q)
+ Lo(N\) + 2LRady, (h) + k(8, N, Ny),

Can we select the representative data by 1-Wasserstein distance?




' The Objective Function

1 1
max 2 T 2T

i€l jedJ
S.t. Tq;—Tj éCij, Viel V9eJd

Use a similar
trick with MMD

_ 1 1
min max az T; — Ez w;T;

LEL JEU
Ti_TjSCijl ViEL,VjEU
s.t. w; €{0,1}, VjEU

Iwlly = b




' Optimization

_ 1 1
min max Ez T; — Ez w;T;

LEL Jeu
Ti_TjSCijt ViEL,VjEU
s.t. w; €{0,1}, Vj€EU
Iwlly =D

A bilinear min-max combinatorial optimization problem*?

min max y’ Cx + Dz + Evy.
zeX yeYy

r € {0,1}"™ and y € {0,1}™

* Pessoa, Artur Alves, et al. "Solving bilevel combinatorial optimization as bilinear min-max optimization via a branch- ‘
and-cut algorithm." Anais do XLV Simposio Brasileiro de Pesquisa Operacional (2013).
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