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GAN

• 将生成数据的分布

向真实数据拉近！



GAN

Generator

Discriminator

Distribution 

of real data

Distribution 

of fake data

Domain label: 1 Domain label: 0

• 将生成数据的分布

向真实数据拉近！



Distance of Distributions

𝐿𝑒𝑡 𝜒, ∑ 𝑏𝑒 𝑎 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑠𝑝𝑎𝑐𝑒.



GAN

• 固定G时，可得此时最优判别器为

• 将D*带回原式，发现生成器G实际上是在最小化JS散度



Problems

Can not properly 

estimate the 

difference 

between two 

nonoverlapping 

distributions!
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1-Wasserstein Distance

𝑐 𝑥, 𝑦 𝑖𝑠 𝑎 𝑐𝑜𝑠𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛,𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑖𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑒𝑑 𝑏𝑦 ℓ1 𝑛𝑜𝑟𝑚, ℓ2 𝑛𝑜𝑟𝑛, 𝑒𝑡𝑐.



1-Wasserstein Distance (Earth-Mover Distance)



1-Wasserstein Distance

Wasserstein distance can estimate the 

difference between two 

nonoverlapping distributions 

(Take ℓ2 norm as the cost function)
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Dual Form

• The Monge-Kantorovich dual problem*

* Villani, C. Optimal transport: old and new, volume 338. Springer Science & Business Media, 2008



Dual Form

• Discrete form



WGAN （ Kantorovich-Rubinstein duality）

Arjovsky, Martín, Soumith Chintala, and Léon Bottou. "Wasserstein Generative Adversarial Networks." ICML. 2017.
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A New Formulation (main contribution)

• Without making the Lipschitz continuous assumption





Proof

• In this case



Solving the Monge-Kantorovich Dual Formulation

Directly solving 

Problem 4 is 

difficult

A linear 

programming



Solving the Monge-Kantorovich Dual Formulation

Why need a continuous function？



Objective Function

Optimize D:

Optimize G:

Using the proposed two-stage 
method



Algorithm

Optimize D

Optimize G
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Experiments

• 1st part: WGAN-TS is more accurate

◼ metrics

• ℓ1 WD

• ℓ2 WD

◼ models

• WGAN

• WGAN-GP (NIPS17)

• SN-WD (ICLR18)

• 2nd part: WGAN-TS produces better images

◼ dataset

• MNIST

• LSUN

• CIFAR-10

◼ Compared models

• WGAN

• FisherGAN (NIPS17)

• WGAN-GP (NIPS17)

• SN-WD (ICLR18)



1st Part



1st Part



2nd Part – MNIST dataset

WGAN-TS generate more realistic images of digit 8.



2nd Part – LSUN dataset



2nd Part



Quantitative Analysis

WGAN-TS is more effective and efficient

the running time of the critic update per generator update.



Conclusion

• A new formulation of the Monge-Kantorovich dual formulation to 

compute the Wasserstein Distance (WD) is proposed, which can 

be solved by  a combination of linear programming and DNN 

regression.

• WGAN-TS does not need additional hyper-parameters for weight 

constraints. 



一些想法



AL with Wasserstein Distance

Motivation: 

Deep Active Learning: Unified and Principled Method for Query and Training (AISTATS 2020)

Can we select the representative data by 1-Wasserstein distance?



The Objective Function

min
𝒘

max
𝑇

1

𝑚
෍

𝑖∈𝐿

𝑇𝑖 −
1

𝑏
෍

𝑗∈𝑈

𝑤𝑗𝑇𝑗

Use a similar 

trick with MMD

ቐ

𝑇𝑖 − 𝑇𝑗 ≤ 𝑐𝑖𝑗 , ∀𝑖 ∈ 𝐿, ∀𝑗 ∈ 𝑈

s.t. 𝑤𝑗 ∈ 0, 1 , ∀𝑗 ∈ 𝑈

𝑤 1 = 𝑏



Optimization

min
𝒘

max
𝑇

1

𝑚
෍

𝑖∈𝐿

𝑇𝑖 −
1

𝑏
෍

𝑗∈𝑈

𝑤𝑗𝑇𝑗

ቐ

𝑇𝑖 − 𝑇𝑗 ≤ 𝑐𝑖𝑗 , ∀𝑖 ∈ 𝐿, ∀𝑗 ∈ 𝑈

s.t. 𝑤𝑗 ∈ 0, 1 , ∀𝑗 ∈ 𝑈

𝑤 1 = 𝑏

* Pessoa, Artur Alves, et al. "Solving bilevel combinatorial optimization as bilinear min-max optimization via a branch-
and-cut algorithm." Anais do XLV Simpósio Brasileiro de Pesquisa Operacional (2013).

A bilinear min-max combinatorial optimization problem*?
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