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Example 1:
u’(x) =0 in (—1,1), Exact solution: u(x) = 0
u(—1) = u(l) =0.

If we choose the point set {0,+1,-1} to train PINN, the loss function will be

MSE = [u"(0)|> + %(w(—l)F + lu(D)?).

The prediction of PINN may look like this
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Example 2:
u’(x) =0 in (—1,1), Exact solution: u(x) = (x + 1/2)
u(=1) =0, wu(l)=1.

Suppose we choose the point set [-1,1] except O to train PINN. The loss function is:

|
MSE = N ;‘u”(x;)

Tt %(IM(—I)I2 + [u(1) — 11%)

The prediction of PINN may look like this
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Inspiration
A feature of PINN and its variations is that they all rely on the AD technique(automatic differentiation)

The author found a heat equation online about solving PDEs and it is a finite-difference scheme. In that
example, the Laplacian operator has been approximated by the convolution with kernel
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New method: add in traditional numerical method and CNN structure and approximate the differential
operator by the numerical method instead of AD



Method:

In a finite volume method or generalized difference
method, the Laplacian operator at PO can be discretized
by
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ox%* = 0y?
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Zu},- = 0, Zw,-x,- =0, ZIﬁfy,- =0,

=0 i=0 i=0
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E wf-xfz = 2, Z w;x;y; =0, ZUJ,-}?E =2

i1=0 i=0 i=0

If the coefficient matrix of above is full-ranked, then this system is uniquely solvable and we get the

approximation of at PO.



k
P,’ the set of d-dimensional homogeneous polynomial with a degree no more than k

,Pﬂ; the set of d-dimensional homogeneous polynomial with degree k
d+k
pd,k) = (1) -

(n’+i—1) i

L the number of elements in above sets

5(d, k)

PO = (0, 0) (center), P1 = (0, 1) (up), P2 = (-1, 0) (left), P3 = (0, —1) (down), and P4 = (1, 0)
(right), and then fit the coefficients by using xA2 and x4

4 ~
A (x?) ‘ 0.0) W2 + wy=2 A(x™) ‘ 0.0 W2 + w4 =0

Reason: there is no k € N such that p(2, k) = 5



A general case:
m

Au(Py) = z wiu(P;). Py € R4

=0

use the least-square method:
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Theorem 1:

This method is correct for any nth order linear differential operator under the corresponding conditions
(not just Laplacian operator)
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Algorithm 1 Framework of Hybrid PINN

Input m
The set of mesh points D, = {3»;1};M { LIF1(Py) = Z”"ff(Pf) VfeP"
Llu](x) = f(x) in Q, The set of boundary points ’Db = {x;} 1; i=0
Blu](x) = 0 on 0Q. The set of polynomials D, = {p; (x)}:] who satisfies
theorem 1:

Establish a neural network u; to approximate the solution.
The input of this neural network 1s x, and the output is the
solution value at x.

Output:

1: Get the approximation matrix A by solving (16) with the
polynomials set D,,.

2: Train the neural network u; by the loss function:

Z A, — f(x;)[? +— > 1BLul(x)I,

u X! E’D“ X;Eph

MSE =

where u;, 1s a column vector of u;, atx;, i =1,...N,.
3: return u;, who can predict the solution of (23)-(24) with
any point in Q.




Experiments:

1 N
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Fig. 6. Sample of regular mesh.

le(X)||2 =
\ =l
. le(x) — up(x) |2
—Au(x) = f(x) in Q= (0, 1),
2 .
u(x) = up(x) on 0Q up(x) = e* sin(y).

Mesh size | Discretized L=(€2) error | Time for A (s) | Time to train DNN (s)

0.2 2.887440e — 01 0.1745 15.2004

0.1 2.338030e — 01 0.5266 13.2835

0.05 8.151677e — 03 5.5681 42.6032

0.025 4.989049e — 05 94.7228 46.0270
Mesh size | Discretized L=(§2) error | Time for A (s) | Time to train DNN (s)

0.2 3.885836e — 01 4.6685 14.6000

0.1 2.338030e — 01 23.0893 13.2835

0.05 7.950568e — 04 390.7417 45.6711

0.025 1.066508e — 04 415.1484 38.5859

Fig. 7. Sample of irrcgular mesh.




—(c1(X) 0 u(X) +e2(x)0y,u(x)) = £ (x) in Q = (0, 1)*

u(x) = up(x) on €2

cl(x)ﬂ = 2 4 cos(x + v), c2(x) = 2 + sin(x + y)
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Fig. 9. Solution for test 3.
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10. Mesh for the car shape domain.
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Fig. 11.
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Fig.

—Acu(X) = f(X) on S? uo(X) = xsin(y) + 2

X =(x/r),y=(y/r),and T = (z/r)
x =rsin(f)cos(¢), y =rsin(f)sin(¢), z =rcos(d)

r e [0,00), 8 € [—(z/2), (x/2)], and ¢ € [0, 27).
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Fig. 13. Solution for test 5.
12. Mesh for the surface PDEs.



TABLE 1V

RESULTS FOR (31) BY HYBRID PINN

Number of mesh points

Discretized L*(€2) error

Time for A (s)

Time to train DNN (s)

252 3.116710e — 03 0.2748 7.4433
1002 7.656996e — 04 1.6822 22.0047
4002 1.918568e — 04 3.6810 49.1625
16002 5.638292e — 05 68.4128 253.6164

TABLE V

COMPARISON TO PINN

#(points) | Discretized L*(2) error | Time for PINN (s)
252 23.9306 326.8594
1002 11.7916 411.8043
4002 5.9045 443.2334

16002 2.9753 740.6775




