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• In practical applications, the measurement of data is usually noisy (produced by the sensors).

• There is no quantification of uncertainty in the PINN framework. 



• a general partial differential equation (PDE) of the form

• Available dataset D are scattered noisy measurements of u, f and b from sensors:

• Bayesian framework starts from representing u with a surrogate model u˜(x; θ): 



• the likelihood can be calculated as:

• the posterior is obtained from Bayes’ theorem:



• In the case of inverse problems, we also need to assign a prior distribution for λ, which could 
be independent of P(θ).

• In the application of Bayesian neural networks, a commonly used prior for θ is that each 
component of θ is an independent Gaussian distribution. 

• In this case, the prior of the function u˜(x) is actually a Gaussian process as the width of 
hidden layers goes to infinity with √Nlσw,l





• an efficient Markov Chain Monte Carlo (MCMC) method based on the Hamiltonian dynamics

• P(x) represents the probability that a system is in a state x. 

• P(x) depends numerically on the state’s energy U(x) and the corresponding temperature T.

Hamiltonian Monte Carlo (HMC) method



• the target posterior distribution for θ given a certain number of observations D is defined as

• HMC generates samples from a joint distribution of (θ, r) as follows. We simply discard the r 
samples, the θ samples have marginal distribution P(θ |D).



the samples are generated from the following 
Hamiltonian dynamics



• P(θ|D) is approximated by another density function Q (θ; ζ ) parameterized by ζ .

• Usually use multiple independent Gaussian distributions. Assuming that the parameters obey 
Gaussian distribution with mean ζμ,i and standard deviation ln(1 + exp(ζρ,i))

• tune ζ to minimize

Variational inference (VI) method



















Comparison with PINNs


