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OPERATOR LEARNING



Background

The emergence of neural operators has driven advancements in solving partial differential equations 

(PDEs) and modeling physical systems.  Recent developments have focused on enhancing the 

expressiveness and efficiency of these models.For instance, extensions of the Fourier Neural

Operator (FNO) (Li et al., 2021) have explored factorized representations (Tran et al., 2021) to reduce

computational complexity while maintaining performance. Similarly, wavelet-based approaches

(Gupta et al., 2021; Tripura & Chakraborty, 2022) have been proposed to capture multi-scale features

more effectively.

Transformer-Based Operator Learning.  The self-attention mechanism central to transformers 

offers a powerful tool for capturing long-range dependencies in spatial and temporal data, a crucial 

aspect in many PDE-governed systems. For example, OFormer (Li et al., 2022) introduced a novel 

way to embed continuous input functions and output queries into a transformer architecture. This 

approach demonstrated the potential of transformers in handling the inherent continuity of physical 

problems. GNOT (Hao et al., 2023) further extended this idea by incorporating graph structures, 

allowing for more flexible representation of input functions and improved handling of irregular domains. 
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Continuous Vision Transformer (CViT) Architecture: CViT consists of the following components:

(1) Spatio-temporal patch embeddings to extract localized features. 

(2) A temporal aggregation module based on the Perceiver architecture, which captures temporal 

correlations to compresses tokens along the time axis. 

(3) A Transformer encoder that captures multi-scale spatial dependencies via self-attention layers. 

(4) A novel grid-based positional encoding scheme for query coordinates, allowing for flexible output 

representation and interpolation. 

(5) A cross-attention decoder that integrates information from the input function with query coordinates.
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(1) Spatio-temporal patch embeddings to extract localized features. 

The vision transformer encoder takes as input a gridded representation of the input function 𝑢, 

yielding a spatio-temporal data tensor 𝑢 ∈ 𝑅𝑇×𝐻×𝑊×𝐷 with D channels. We patchify our inputs into 3D 

tokens 𝑢𝑝 ∈ 𝑅𝑇×
𝐻

𝑃
×
𝑊

𝑃
×𝐶

by tokenizing each 2D spatial frame independently, following the process 

used in standard Vision Transformers. We then add trainable 1D temporal and 2D spatial positional 

embeddings to each token:

𝑢𝑝𝑒 = 𝑢𝑝 + 𝑃𝐸𝑡 + 𝑃𝐸𝑠, 𝑃𝐸𝑡 ∈ 𝑅𝑇×1×1×𝐶 , 𝑃𝐸𝑠 ∈ 𝑅1×
𝐻
𝑃×

𝑊
𝑃×𝐶
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(2) A temporal aggregation module based on the Perceiver architecture. 

To reduce computational cost, we use a temporal aggregation layer based on the Perceiver 

architecture. Specifically, we learn a pre-defined number of latent input queries 𝑧 ∈ 𝑅𝑇’×𝐶 . These 

queries serve as learnable parameters in a cross-attention module, which processes the visual 

features of our input.
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(2) A temporal aggregation module based on the Perceiver architecture.

The Perceiver module operates on flattened visual features 𝑢𝑓 ∈ 𝑅(
𝐻

𝑃
×
𝑊

𝑃
)×𝑇×𝐶

obtained by flattening 

the positionally encoded features 𝑢𝑝𝑒. Through this cross-attention mechanism, we aggregate the 

temporal information into a compact latent representation 𝑧𝑎𝑔𝑔 ∈ 𝑅(
𝐻

𝑃
×
𝑊

𝑃
)×𝑇’×𝐶

as:

𝑧 ’ = Ƹ𝑧 + 𝑀𝐻𝐴(𝐿𝑁( Ƹ𝑧), 𝐿𝑁(𝑢𝑓), 𝐿𝑁(𝑢𝑓)),

𝑧𝑎𝑔𝑔 = 𝑧 ’ +𝑀𝐿𝑃(𝐿𝑁(𝑧 ’)).

Here, 𝑧 is initialized by a unit Gaussian distribution and Ƹ𝑧 ∈ 𝑅(
𝐻

𝑃
×
𝑊

𝑃
)×𝑇’×𝐶

is obtained by tiling the latent 

query 𝑧 (
𝐻

𝑃
×

𝑊

𝑃
) times. Besides compressing tokens over the time axis, this module also enables the 

model to handle inputs with a variable number of time steps.
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(3) A Transformer encoder that captures multi-scale spatial dependencies via self-attention layers. 

We then process the aggregated tokens 𝑧𝑎𝑔𝑔 using a sequence of 𝐿 pre-norm Transformer blocks.

𝑧0 = 𝐿𝑁(𝑧𝑎𝑔𝑔),

𝑧𝑙
’ = 𝑀𝑆𝐴(𝐿𝑁(𝑧𝑙−1)) + 𝑧𝑙−1, 𝑙 = 1,2, . . . , 𝐿

𝑧𝑙 = 𝑀𝐿𝑃(𝐿𝑁(𝑧𝑙
’)) + 𝑧𝑙

’ , 𝑙 = 1,2, . . . , 𝐿
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(4) A novel grid-based positional encoding scheme for query coordinates. 

To enable continuous evaluation of outputs, we design a novel and efficient coordinate embedding 

to capture the fine-scale features of the target functions. Specifically, we create a uniform grid {𝑦𝑖𝑗} 

⊂ [0,1]2, for i = 1, . . . , 𝑁𝑥 and j = 1, . . . , 𝑁𝑦, along with associated trainable latent grid features 

𝑥 ∈ 𝑅𝑁𝑥×𝑁𝑦×𝐶 . For a query point y ∈ 𝑅2, we compute a NadarayaWatson interpolant over grid 

latent features:

Here β > 0 is a hyperparameter that determines the locality of the interpolated features. Specifically, 

larger values of β yield more localized weight distributions 𝜔𝑖𝑗 , resulting in a higher-frequency 

interpolant that captures finer-scale variations. Conversely, smaller β values produce a smoother 

interpolant by averaging over a broader neighborhood of points.
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(5) A cross-attention decoder that integrates information from the input function with query coordinates.

The interpolated grid feature 𝑥0 = x′ ∈ 𝑅1×𝐶 is used as query input to a transformer decoder. 

Thisdecoder uses the output of the vision transformer encoder 𝑧𝐿 as keys and values in a cross-

attention mechanism:



Experiment

For all experiments, unless otherwise stated, we use a patch size of 8×8 for tokenizing inputs.
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