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BackGround

Partial Differential Equations (PDEs) are fundamental for modeling complex systems across science and 

engineering, yet remain challenging to solve efficiently. Physics-Informed Neural Networks (PINNs) show 

promise by incorporating physical constraints into neural network training through PDE residual minimization. 

However, two critical limitations hinder their performance: 

(1) The optimization problem is inherently difficult—high-dimensional, multi-objective, non-convex, and ill-

conditioned due to conflicting loss terms from PDE, boundary, and initial conditions; 

(2) Time is treated as just another spatial dimension, ignoring the Markovian causality of temporal evolution, 

which leads to poor capture of high-frequency dynamics and difficulties in long-time integration. 

Existing solutions (loss balancing, regularization, temporal decomposition) address symptoms rather than root 

causes and remain computationally expensive.



Model Construction

The method: (a) freezes randomly sampled spatial hidden layer parameters to reduce dimensionality, (b) 

decouples and separately optimizes each loss term, and (c) replaces gradient descent with least squares and 

adaptive ODE solvers for computing time-dependent output parameters. 



Frozen layer parameter initialization



By inserting the parametrized ansatz 

into the PDE:

and reformulating it as an ordinary differential equation (ODE) for c(t), the authors 

compute the time-dependent output-layer parameters c(t) while preserving the 

inherent causal structure of time-dependent PDEs, thereby enforcing temporal 

causality by design. The author gets ：

Solving Time-Dependent Partial Differential Equations
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Method for satisfying frozen nail boundary conditions

They proposed two different strategies to satisfy the boundary conditions of Frozen-
PINNs: the first utilizes a boundary-compatible layer, and the second is an 
augmented reformulation of the ordinary differential equations (ODEs).

Boundary-compliant layer: Some boundary conditions can be enforced through 

linear mapping                   

AugmentedODE: This strategy eliminates the need for layers that satisfy the 

boundary by adding a corrective term that enforces the boundary condition in the 

ODE. For Dirichlet boundary conditions ：
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Algorithm



Table : Summary of empirical results for eight PDE benchmarks, including 

results from previous work: dashes indicate training times not reported in 

previous work; training times with a + were obtained on a GPU; therefore, CPU-

based training, such as Frozen-PINNs, will result in significantly larger values. 

For each PDE, solvers above/below the horizontal line correspond to low/high 

accuracy regions. Normalized training time relative to Frozen-PINNs is 

calculated as the ratio of the training time of each method to that of Frozen-

PINNs, computed at comparable accuracy.

Figure : Frozen-PINN solution of the strongly non 

linear and chaotic Kuramoto-Sivashinsky equation.
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