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PDEs are usually solved by numerical methods like the
finite element method (FEM). It is often computationally
expensive for high dimensional problems.Besides,
machine learning methods (Lu et al., 2019; Li et al., 2020;
2022b) are proposed to accelerate solving PDEs by
learning an operator mapping from the input functions to
the solutions of PDEs.

Operator learning for practical real-world problems is
highly challenging and the performance can be
unsatisfactory. There are several major challenges in
current methods: irregular mesh, multiple inputs, and
multi-scale problems.
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Overview of the model architecture. First, we encode input query points and input functions with different
MLPs. Then we update features of query points using a heterogenous normalized cross-attention layer
and a normalized self-attention layer. We use a gate network using geometric coordinates of query points
to compute a weighted average of multiple expert FFNs. We output the features after processing them
using N layers of the attention block.
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We consider PDEs in the domain Q and the function space over Q, including boundary

shapes and source functions. Our goal is to learn an operator from the input function space to
the solution space

Here the input function space  could contain multiple different types, like boundary shapes, source
functions distributed over Q, and vector parameters of the systems. More formally, could be

representedas = x--:-x x _For =(),.... ()9 , () represents
boundary shapes and source functions, and 6 represents parameters of the system, and
()= is the solution function over Q.
={( . )Jh<<, = ( )
={C, M=z . = () {C M = ()
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General Input Encoding

» Parameter vector 6 : We could directly encodethe parameter vector using the MLP, i.e,
Y= (®andY 1x

* Boundary shape { },__ :Ifthe solution relies on the shape of the boundary, we propose
to extract all these boundary points as input function and embed the position of these points
with MLP. Specifically, Y = ( ( ))1<<

 Domain distributed functions {( , )},__ : If the input function is distributed over a
domain or a mesh,we need to encode both the position of nodes and the function values, i.e.

Y=0 ., Di=c<

* Domain knowledge: For example, we could encode the extra features of mesh points
{C . )}.. andedge information of the mesh {( . )} < - This extra information is
usually generated when collecting the data by solving FEMs. We use MLPs to encode them into

Y= (, Mg andY =( (, Nicc -
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Heterogeneous Normalized Attention Block

The attention is computed as follows:

_ (- /)
(- 7)
For self-attention models, , , are obtained by applying a linear transformation to input sequence

X:( )lSS’i'e’ = 1 = ' =

For cross attention models, g comes from the query sequence X while keys and values come from

another sequence Y = ( )<< ,l.e, = , = , =

The computational cost of the attention is O( 2 ) for self attention and O(NM ) for cross attention
where is the dimension of embedding.
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Heterogeneous Normalized Attention Block

Here we propose a novel attention layer with a linear computational cost that could handle long
sequences. We first normalize these sequences respectively.

= —— = =) = Ty = "7

We could compute first with a cost  (

2) and then compute its multiplication with  with
acost ( 2).Thetotalcostis (( + )

2) which is linear with respect to the sequence length.
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Heterogeneous Normalized Attention Block

Then we compute the cross-attention as follows,

=1 =1 =1 =1

We see that the cross-attention aggregates all information from input functions and extra
information. We also add an identity mapping as skip connection to ensure the information is not
lost. The computational complexity of itis (( + ) 2) also linear with sequence length.
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Heterogeneous Normalized Attention Block

After applying such a cross-attention layer, we impose the self-attention layer for query features, i.e,

where all of , and are computed with the embedding as

We use the cascade of a cross-attention layer and a selfattention layer as the basic block of our
model. We tile multiple layers and multiple heads similar to other transformer models. The
embedding and ' aredividedinto headsas = ( )=y and "= ( ) ~-;.Each

head can be updated using the above Eq.



¥l
(ot f/v-:-__ LY
Method RAH
i ,-:- /' MaMAMG oNIvER

Geometric Gating Mechanism

We design a geometric gating network that inputs the coordinates of the query points and outputs
unnormalized scores () for averaging expert networks. In each layer of our model, we use
subnetworks for the MLP denoted by  (-). The update of and ' in the feedforward layer after the
above Eq. is replaced by the following equation when we have multiple expert networks as

+ () ()

=1

The weights for averaging the expert networks are computed as

()= €O
where the gating network G(:): —  takes the geometric coordinates of query points  as inputs.

The normalized outputs () are the weights for averaging these experts.
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We list the challenges of these datasets in Table 1 where “A”, “B”, and “C” represent the problem has
irregular mesh, has multiple input functions, and is multi-scale, respectively.

D Type MIONet FNO(-interp) GK-Transformer Geo-FNO  OFormer Ours
ataset
Challenge  Subset

Darcy2d - - 5.45e-2 1.09e-2 8.40e-3 1.09e-2 1.24e-2  1.05e-2
NS2d - part - 1.56e-1 1.40e-1 1.56e-1 1.71e-1 1.38e-1
- full - 8.20e-2 7.92e-2 8.20e-2 6.46e-2  4.43e-2
Elasticity A - 9.65e-2 5.08e-2 2.01e-2 2.20e-2 1.83e-2  B.65e-3
NS2d-c o u 2.74e-2 6.56e-2 1.52e-2 |.4le-2 2.33e-2  6.73e-3
v 5.51e-2 1.15e-1 3.15e-2 2.98e-2 4.83e-2  1.55e-2
P 2.74e-2 1.11e-2 1.59¢-2 1.62e-2 243e-2 T7.4le-3
NACA A, C - [.32¢-1 4.2]e-2 1.6le-2 1.38e-2 1.83e-2  7.57e-3
Inductor2d A,C A, 3.10e-2 - 2.56e-1 - 2.23e-2 1.21e-2
B, 3.49¢-2 - 3.06e-2 - 2.83e-2  1.92e-2
By, 6.73e-2 - 4.45¢-2 - 4.28e-2  3.62e-2
Heat A B, C part 1.74¢-1 - - - - 4.13e-2
full l.45¢-1 - - - - 2.56e-2
Heatsink A B, C /i 4.67e-1 - - - - 2.53e-1
u 3.52e-1 - - - - 1.42e-1
v 3.23e-1 - - - - 1.81e-1
w 3.71e-1 - - - - 1.88e-1

Table 1. Our main results of operator learning on several datasets from multiple areas. The types like u, v are the physical quantities to
predict and types like "part” denotes the size of the dataset. ”-* means that the method is not able to handle this dataset. Lower scores
mean better performance and the best results are bolded.
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Scaling Experiments

One of the most important advantages of transformers is that its performance consistently gains with
the growth of the number of data and model parameters. Here we conduct a scaling experiment to
show how the prediction error varies when the amount of data increases. We use the NS2d-c dataset
and predict the pressure field . We choose MIONet as the baseline and the results are shown in Fig

0.050
n.mz: —eo— GNOT-small | 0.011 —e— Elasticity
MIONet —e— NS2d-c
0.020 1 : RLIE
s 002 —e— GNOT-large =
e —
kg w
"o =
= 0008 =
= = 0.008 4
i)} L4 )
o< 0.005 o
fa o 0.007
= 0003 i
0.006 1
L0012 1
0.005 1
200 500 1000 2000 5000 10000 2 3 e 5 6
Number of Data Number of Layers

Figure 3. Results of scaling experiments for different dataset sizes (left) and different numbers of layers (right).
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Ablation Experiments

NACA  Elasticity NS2d-c (p)
cross + cross | 3.52e-2  3.3le-2 1.50e-2
self + cross 9.53e-3 1.25e-2 9.89e-2
cross + self | 7.57e-3 8.65e-3 7.41e-3

Table 2. Experimental results for the necessity and order of differ-
ent attention blocks.

Nexperts error Nheads error
1 0.04212 1 0.04131
3 0.03695 4 0.04180
8 0.04732 8 0.04068
16 0.04628 16 0.03952

Table 3. Results for ablation experiments on the influence of num-

bers of experts Nexperts (left two columns) and numbers of atten-
tion heads Ny cads (right two columns).
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