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Inducing Neural Collapse to a Fixed Hierarchy-Aware 

Frame  for Reducing Mistake Severity



Background

Prevalence of Neural Collapse During the Terminal Phase of Deep Learning Training. Proceedings of the National 

Academy of Sciences of the United States of America (PNAS), 117, 09 2020.

Neural Collapse: The final layer classifier in a deep neural network tends to 

have a simple symmetric structure (simplex Equiangular Tight Frame, ETF) : 

(NC1) Cross-example within-class variability of last-layer training activations 

collapsesto zero, as the individual features collapse to their class means.

(NC2) The class means collapse to ETF.

(NC3) Self-duality, the classifier vector also presents ETF, and the classifier matrix

and feature matrix are linearly related:
𝑊

∥𝑊∥𝐹
=

𝐻

∥𝐻∥𝐹

(NC4) The network’s decision collapses to simply choosing the class with the closest 

Euclidean distance between its class mean and features of the test example.

𝐯 ∈ ℝ𝑑, 𝑑 ≥ 𝐾 − 1

cos(𝒗𝑖 , 𝒗𝑗) = −
1

𝐾 − 1



Introduction

Exploring deep neural networks via layer-peeled model: Minority collapse 

in imbalanced training. Proceedings of the National Academy of Sciences of 

the United States of America (PNAS), 2021.

Neural collapse phenomenon makes sense considering an 

ETF separates all classes equally and maximally from each 

other. 

However, such a structure may not emerge when trained with 

imbalanced data. Features of minor classes may collapse to 

the same vector (minority collapse)



Introduction

Related works: 

• Encourage the features to form an ETF structure by fixing the classifier 

weights at a pre-computed ETF.

• Employing additional regularizes to induce neural collapse.

Concerns: 

• When the ETF classifier makes a mistake, it is mainly random due to its 

equiangular nature.

• Conventional neural networks are trained mainly with cross-entropy and 

one-hot labels, ignoring any underlying hierarchical label relationships.

In real-world application scenarios, some classification mistakes would 

have a much worse impact than others. It is critical to incorporate mistake 

severity into the performance evaluations.



Related works

Hierarchy-aware cost methods

argmin𝑘 𝑅(𝐲 = 𝑘|𝐱) = argmin𝑘෍

𝑗=1

𝐾

𝐂𝑘,𝑗 ⋅ 𝑝(𝐲 = 𝑗|𝐱)

No Cost Likelihood Manipulation at Test Time for Making Better Mistakes in Deep Networks. ICLR, 2021.

Hierarchy-aware architecture methods

the authors proposed to use multiple classification heads for different levels of classes in the hierarchy, where 

the penultimate features are decoupled into different segments for the respective coarse and fine-grained 

classifiers.

Flamingo” is My ”Bird”: Fine-Grained, or Not. CVPR, 2021.

Hierarchy-aware label methods

Using Soft-labels. The classifiers of all levels share the same penultimate features from the backbone 

network. Enforce by minimizing the JS Divergence between predictions of the coarse-level classifier and the 

soft-labels reconstructed from predictions of the next fine-level classifier.

Learning Hierarchy Aware Features for Reducing Mistake Severity. ECCV, 2022.



Method

Inspiration: simplex ETF

Compared to the ETF for four classes, the HAFrame captures the pair-wise 

hierarchical distances across the four classes from a hierarchy shown in Fig. 1(d), 

with class A closer to B, and A equally distant to C and D.

Purpose: fix the linear classifier to a HAFrame with the hierarchical relationship 

and induce features to HAFrame.

Training strategy: employ a weighted loss consisting of the cross-entropy loss and 

the proposed cosine similarity-based auxiliary loss to induce penultimate features 

collapsing onto the associated classifier vectors (HAFrame).



Method

𝑑𝑖,𝑗 = height(LCA(𝑦𝑖 , 𝑦𝑗))

𝑆𝑖𝑗 = (1 − 𝑠min) ⋅ 𝑒
−𝛾⋅

𝑑𝑖𝑗
𝑑max + 𝑠min

𝑠min ∈ −1,1
A larger γ makes the hierarchical distance have a greater impact

on the similarity.

Pair-wise Cosine Similarity

Similarity Hierarchy-Aware Frame

𝐒 = 𝐖𝑇𝐖

𝐖 = [𝐰1, … ,𝐰𝐾],𝐰𝑖 ∈ ℝ𝐾 , ||𝐰𝑖||2 = 1

𝑐𝑜𝑠∠(𝒘𝑖 , 𝒘𝑗) = 𝒘𝑖
𝑇𝒘𝑗 = 𝑆𝑖𝑗 , ∀1 ≤ 𝑖 ≤ 𝑗 ≤ 𝐾



Method

we can find 𝐖 by the following matrix factorization:

𝐒 = 𝐖𝑇𝐖
= 𝐐𝐃𝐐𝑇 (eigenvalue decomposition)

= 𝐐𝐃 Τ1 2𝐔𝑇 𝐔𝐃 Τ1 2𝐐𝑇 = 𝐖𝑇𝐖

𝐔 ∈ ℝ𝐾×𝐾 is an orthonormal matrix obtained from QR-

decomposition of a randomly sampled matrix in ℝ𝐾×𝐾

𝑎 1 − 𝑎
𝑏 1 − 𝑏

-> 
𝑎 1 − 𝑎

0 1 −
𝑏

𝑎

(a>b)



Method

Have an inductive bias towards non-negative values due to the use of nonlinear activation 

functions (e.g., ReLU, GELU. etc.).

Our proposed transformation layer uses parametric ReLU (PReLU), which learns the slope of 

the rectified linear function for negative inputs to mitigate the aforementioned bias

PReLU = ቊ
𝑥, if𝑥 ≥ 0
𝑎𝑥, otherwise

Additional Transformation Layer



Method

Cosine Similarity Based Auxiliary Loss

Logits:
ො𝑦 = arg𝑚𝑎𝑥

𝑖
𝑾𝑇𝒉 = arg𝑚𝑎𝑥

𝑖
𝑐𝑜𝑠∠ 𝒘𝑖 , 𝒉

Facilitate the collapse of penultimate features onto the respective classifier weights:

ℒ𝐶𝑂𝑆 =෍

𝑖=1

𝐾

(𝑐𝑜𝑠∠(𝒘𝑖 , 𝒉) − 𝑐𝑜𝑠∠(𝒘𝑖 , 𝒘𝑦))
2

The overall training loss:

ℒ = (1 − 𝛼)ℒ𝐶𝐸 + 𝛼ℒ𝐶𝑂𝑆



Experiment

Type II

Type I:     Backbone -> BN -> Linear(in_features, out_features) -> BN -> ELU



Experiment

Evaluation Metrics

top-1 accuracy

average mistake severity

𝔼𝕀{𝑦𝑖!= ො𝑦𝑖}[𝑑𝑦𝑖, ො𝑦𝑖]

average hierarchical distance at k

HierDist@𝐾 = 𝔼𝑖∈𝑁[
1

𝐾
෍

𝑘=1

𝐾

𝑑𝑦𝑖, ො𝑦𝑖,𝑘]



Experiment



Experiment

adding the transformation layer alone does not necessarily improve the model performance. 

However, fixing the corresponding classifier weights to a HAFrame improves the average 

mistake severity of three datasets.



Experiment

Angular collapse

𝐴𝑣𝑔1≤𝑖<𝑗≤𝐾(|𝑐𝑜𝑠∠(𝒙𝑖 , 𝒙𝑗) − መ𝑆𝑖𝑗|)

𝑆𝑡𝑑1≤𝑖<𝑗≤𝐾(|𝑐𝑜𝑠∠(𝒙𝑖 , 𝒙𝑗) − መ𝑆𝑖𝑗|)

Self-Duality

𝑊

∥ 𝑊 ∥𝐹
−

𝐻

∥ 𝐻 ∥𝐹 𝐹

We observed that more training epochs (e.g., 200 or 350 epochs)

lead to better self-duality on the larger datasets



Thank you


